
This article was downloaded by: [UNAM Ciudad Universitaria]
On: 02 January 2015, At: 16:44
Publisher: Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered
office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH, UK

Journal of Statistical Computation and
Simulation
Publication details, including instructions for authors and
subscription information:
http://www.tandfonline.com/loi/gscs20

A modified runs test for symmetry
J. Corzo a & G. Babativa b
a Departament of Statistics , National University of Colombia ,
Bogotá
b Departament of Statistics , Santo Tomás University , Colombia ,
Bogotá
Published online: 05 Jan 2012.

To cite this article: J. Corzo & G. Babativa (2013) A modified runs test for symmetry, Journal of
Statistical Computation and Simulation, 83:5, 984-991, DOI: 10.1080/00949655.2011.647026

To link to this article:  http://dx.doi.org/10.1080/00949655.2011.647026

PLEASE SCROLL DOWN FOR ARTICLE

Taylor & Francis makes every effort to ensure the accuracy of all the information (the
“Content”) contained in the publications on our platform. However, Taylor & Francis,
our agents, and our licensors make no representations or warranties whatsoever as to
the accuracy, completeness, or suitability for any purpose of the Content. Any opinions
and views expressed in this publication are the opinions and views of the authors,
and are not the views of or endorsed by Taylor & Francis. The accuracy of the Content
should not be relied upon and should be independently verified with primary sources
of information. Taylor and Francis shall not be liable for any losses, actions, claims,
proceedings, demands, costs, expenses, damages, and other liabilities whatsoever or
howsoever caused arising directly or indirectly in connection with, in relation to or arising
out of the use of the Content.

This article may be used for research, teaching, and private study purposes. Any
substantial or systematic reproduction, redistribution, reselling, loan, sub-licensing,
systematic supply, or distribution in any form to anyone is expressly forbidden. Terms &
Conditions of access and use can be found at http://www.tandfonline.com/page/terms-
and-conditions

http://www.tandfonline.com/loi/gscs20
http://www.tandfonline.com/action/showCitFormats?doi=10.1080/00949655.2011.647026
http://dx.doi.org/10.1080/00949655.2011.647026
http://www.tandfonline.com/page/terms-and-conditions
http://www.tandfonline.com/page/terms-and-conditions


Journal of Statistical Computation and Simulation, 2013
Vol. 83, No. 5, 984–991, http://dx.doi.org/10.1080/00949655.2011.647026

A modified runs test for symmetry

J. Corzoa* and G. Babativab

aDepartament of Statistics, National University of Colombia, Bogotá; bDepartament of Statistics,
Santo Tomás University, Colombia, Bogotá

(Received 28 April 2011; final version received 2 December 2011)

We propose a modification of a Modarres–Gastwirth test for the hypothesis of symmetry about a known
center. By means of a Monte Carlo Study we show that the modified test overtakes the original Modarres–
Gastwirth test for a wide spectrum of asymmetrical alternatives coming from the lambda family and for all
assayed sample sizes. We also show that our test is the best runs test among the runs tests we have compared.
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1. Introduction

Let X1, . . . , Xn be a sequence of independent random variables with distribution function F, density
f and known median equal to zero. Consider the test problem:

H0 : F(x) = 1 − F(−x)

which indicates that F is symmetic about zero, against the asymmetric alternative:

K1 : F(x) �= 1 − F(−x).

This test problem has received considerable attention in the literature; see, for example [1–8].
In Section 2, we introduce the proposed test and give some distributional properties of the test

statistic. Section 3 shows the results of a simulation study to compare our test with other tests.
Section 4 contains some conclusions and a discussion of the main results.

2. The modified test

Let |X|(1), . . . , |X|(n) be the sequence of ordered absolute values of the observations. Define the
antirank Dj of |X|(j) by |XDj | = |X|(j), j = 1, . . . , n, and let

S(XDj ) =
{

1 if XDj > 0,

0 otherwise.
j = 1, . . . , n. (1)
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To avoid notational complexity, we use only Sj to denote the ordered sequence of ones and
zeros; i.e. S(XDj ) = Sj, although S depends on X and Dj.

Let

Ij =
{

1 if Sj−1 �= Sj,

0 if Sj−1 = Sj
j = 2, . . . , n,

be a counter of the number of changes in the dichotomized sequence. Define the test statistic by

Jk = 1 +
k∑

i=1

(n − k + i)In−k+i, k = 2, . . . , n − 1 (2)

which corresponds to the number of runs in the last k terms of the sequence I2, . . . , In weighted
according to their positions.

A critical region for the Jk test can be built following the argument of McWilliams [1], which
establishes that under asymmetry of F and, for b > a > 0, either P(a < X < b) > P(−b < X <

−a), which means P(X > 0) > P(X < 0) or P(a < X < b) < P(−b < X < −a), which means
P(X > 0) < P(X < 0). Therefore, by definition (1), clusters will be expected at the ends of the
dichotomized sequence (clusters of ones when P(X > 0) > P(X < 0) holds, and cluster of zeros
when P(X > 0) < P(X < 0) holds). So the tails of the dichotomized sample contain information
about the tails of the sample distribution. The foregoing reasoning leads to rejecting the null
hypothesis of symmetry for small values of Jk .

Since XD1 , . . . , XDn is a permutation of the original independent random variables the random
variables S1, . . . , Sn are also independent with Bernoulli distributed with parameter p = P(XDj >

0) = 1
2 under H0, and from the last independence follows that I2, . . . , In are also Bermoulli

independent distributed with the same parameter.

Theorem 2.1 Under the null hypothesis of symmetry, Jk has mean and variance

E(Jk − 1) = 1

2

k∑
i=1

(n − k + i) = 1

4
k(2n − k + 1),

V(Jk − 1) = 1

4

k∑
i=1

(n − k + i)2 = 1

24
k(6n2 + 6n + 2k2 − 3k − 6nk + 1)

Theorem 2.2 Let 0 < γ < 1 and kn = [γ n] such that kn → ∞ when n → ∞. By replacing k
by kn in (2) an expresion for Jk depending on n is obtained. Then

(Jkn − 1) − E(Jkn − 1)√
V(Jkn − 1)

converges to the standard normal distribution.

Proof The test statistic is a linear combination of independent random variables and therefore
is enough to prove the Noether contition:

max1≤i≤kn(n − kn + i)√∑kn
i=1(n − kn + i)2

= n√
(kn/6)(2k2

n − 3kn(2n + 1) + 6n2 + 6n + 1)

n→∞−−−→ 0.
�
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986 J. Corzo and G. Babativa

3. Monte Carlo study

This section contents the results of a Monte Carlo Study to compare the Jk test with the
following tests:

1. The McWilliams test based on the total number of runs [1]:

R∗ − 1 =
n∑

i=2

Ii.

2. The Baklizi test based on a modified runs test conditioned on the number of observations
greater than the specified median, R∗ given n1 and n2, the numbers of ones and zeros in the
S1, . . . , Sn sequence [5]. This is the R∗/n1, n2 test.

3. The Wilcoxon Signed-Rank Test suggested by [9] as a test for symmetry:

W =
n∑

i=1

iSi.

4. The Tajjudin test, based on the Wilcoxon two sample test commonly used for location [2]

T =
n∑

i=1

iSi =
n1∑

i=1

Ri,

where Ri are the ranks of the n1 positive observations in the sample.
5. The Cheng–Balakrishnan C6 test, which is based on the sum of the last six terms in the

sequence S1, . . . , Sn [6].
6. The Modarres Mp test [3]:

Mp =
n∑

i=[np]+2

ϕ(i)Ii,

where

ϕ(i) =
{

i − np ifi > np,
0 otherwise.

Note that for k = n − 1, the expresion for Jk − 1 in (2) is equivalent to M0.
7. The Baklizi [7] test denoted by L∗

n,p, which uses the longest run in the signs of the largest
n − [np] trials in the sequence S1, . . . , Sn, where [np] is the integer part of np, and p is a
trimming proportion. L∗ = L∗

n,0 denotes the length of the longest run of either type.
8. The second, Baklizi [7] test. Let μp and σ 2

p be the mean and variance of L∗
n,p and define

L = supp(L
∗
n,p − μp)

σp
.

9. The Baklizi test [8] denoted by Rmodif corresponds to the two stage hybrid test [4] without the
first stage, which does not contribute to the power.

Following [1–8], we simulated samples of sizes n = 20, 30, 50, 100 from nine cases of the
generalized lambda distribution (GLD). So the generated data were obtained as x∗

i = λ1 + (uλ3
i −

(1 − ui)
λ4)/λ2, i = 1, . . . , n, where u is a uniform random number. The cases of the GLD were
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chosen as in McWilliams [1], and these were reordered such that the power was increasing. The
first case corresponds to the normal distribution approximated by the GLD and plays the role of
the null hypothesis to calibrate the size of the compared tests. The values of the four parameters
for the nine selected densities of the GLD are listed in Table A1 and are plotted in Figure A1.

Table A2 shows the proportion of rejections of the null hypothesis for all compared tests, based
on 10, 000 replications with α = 0.05. The test R∗ − 1 was randomized to achieve the nominal
size 0.05. To select the value of k in the Jk test, we calculated the power of J4 to J20 used in Monte
Carlo simulations. The comparisons showed that J6 has the best power properties (Table A3).

For all sample sizes in case 1 (symmetric distribution), all tests compared maintain the nominal
size around 0.05. For sample size n = 20 and for cases 2–5, the greater powers are reached by the
J6 test and the Rmodif test. In cases 6–9, the J6 test clearly dominates its competitors. For sample
size n = 30 in case 2 all tests have similar behaviour. In case 3, the Rmodif test is the best behaved,
closely followed by the L∗

n,0.8 and J6 tests. In cases 4 and 5, the four best behaved are the Rmodif

and J6 tests. In cases 6–9, the J6 test is the best behaved, followed by the Rmodif , M.60 and L∗
n,0.8.

For sample size n = 50 in cases 2–5 the highest powers are obtained by the Rmodif , J6 and C6

tests. In cases 6–9, the J6 and C6 tests have the largest powers.
For sample n = 100, the highest powers are reached by the Rmodif , J6 and C6 tests.

4. Conclusions and discussion

Results show that the J6 test maintains its nominal size for all sample sizes. Our test competes
well with the best-known symmetry runs tests, in all chosen GLD cases and for the sample sizes
used in this work.

Our test is a modification of the Modarres test [3], and is more powerful than the original Mp

test in all cases and for all assayed sample sizes. The only test that overtakes our test is the rank
test Rmodif . This means that the J6 test is, up to now, the best.

We have included the W test because Gibbons and Chakraborti [9] suggest the use of the
Wilcoxon Signed-Rank statistic to test the hypothesis of symmetry. However, our results indicate
that this test has a poor power for this aim.

We have supposed that the median of the sampled distribution is known, but in practice this
is an unrealistic assumption. To explore how robust is the proposed test to this assumption we
simulated samples from distributions with unknown medians for the same cases of the GLD and
the same sample sizes used in this work. We found that the sizes and the powers of the J test
remain the same as for the cases with known medians. One possible reason for this is that the test
statistic uses only the six largest observations and hence the J-test tolerates changes in the n − 6
smallest observations before it changes the decision about the rejection or acceptation of the null
hypothesis. If we use the sample median as estimator of the true median, it is unlikely, for large
values of n, to expect modifications in the largest observations.
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Appendix 1.

Table A1. Values of the four parameters for the nine selected cases of the GLD used
for the Monte Carlo study.

Case λ1 λ2 λ3 λ4 α3 α4

1 (H0) 0.000000 0.197454 0.134915 0.134915 0.0000 3.0000
2 −0.116734 −0.351663 −0.130000 −0.160000 0.8000 11.4000
3 0.000000 −1.000000 −0.100000 −0.180000 2.0000 21.2000
4 3.586508 0.043060 0.025213 0.094029 0.9000 4.2000
5 0.000000 −1.000000 −0.007500 −0.030000 1.5000 7.5000
6 0.000000 1.000000 1.400000 0.250000 0.5000 2.2000
7 0.000000 1.000000 0.000070 0.100000 1.5000 5.8000
8 0.000000 −1.000000 −0.001000 −0.130000 3.1600 23.8000
9 0.000000 −1.000000 −0.000100 −0.170000 3.8800 40.7000
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Table A2. Empirical power

Distribution n R∗ − 1 R∗/n1.n2 W T C6 M.20 M.25 M.60 J6

20 0.048 0.052 0.046 0.046 0.047 0.046 0.047 0.045 0.056
Case 1 (H0) 30 0.050 0.053 0.052 0.050 0.052 0.050 0.051 0.054 0.047

50 0.050 0.054 0.050 0.052 0.050 0.050 0.049 0.049 0.046
100 0.051 0.047 0.052 0.048 0.052 0.053 0.053 0.051 0.048

20 0.052 0.057 0.050 0.051 0.054 0.053 0.054 0.053 0.070
Case 2 30 0.052 0.051 0.055 0.056 0.061 0.053 0.053 0.055 0.061

50 0.055 0.056 0.052 0.060 0.070 0.063 0.062 0.066 0.068
100 0.054 0.051 0.055 0.071 0.091 0.057 0.057 0.062 0.084

20 0.067 0.075 0.055 0.079 0.080 0.077 0.079 0.087 0.112
Case 3 30 0.074 0.075 0.062 0.097 0.119 0.092 0.094 0.109 0.125

50 0.089 0.094 0.064 0.131 0.204 0.121 0.120 0.153 0.206
100 0.113 0.109 0.088 0.224 0.366 0.169 0.169 0.217 0.356

20 0.090 0.103 0.061 0.106 0.118 0.120 0.122 0.142 0.177
Case 4 30 0.114 0.122 0.070 0.149 0.219 0.163 0.166 0.199 0.243

50 0.143 0.154 0.085 0.209 0.428 0.231 0.234 0.301 0.443
100 0.216 0.209 0.127 0.385 0.757 0.398 0.406 0.522 0.750

20 0.115 0.131 0.067 0.133 0.155 0.158 0.162 0.190 0.235
Case 5 30 0.151 0.160 0.080 0.194 0.309 0.228 0.232 0.287 0.343

50 0.197 0.213 0.103 0.287 0.587 0.338 0.342 0.437 0.602
100 0.321 0.316 0.166 0.522 0.890 0.555 0.566 0.696 0.885

20 0.200 0.234 0.072 0.160 0.256 0.334 0.346 0.396 0.468
Case 6 30 0.303 0.330 0.095 0.231 0.606 0.546 0.558 0.671 0.715

50 0.497 0.524 0.122 0.364 0.950 0.815 0.825 0.920 0.972
100 0.782 0.782 0.198 0.633 1.000 0.986 0.989 0.998 1.000

20 0.311 0.358 0.096 0.281 0.421 0.496 0.511 0.578 0.644
Case 7 30 0.457 0.490 0.123 0.393 0.797 0.737 0.750 0.828 0.868

50 0.683 0.707 0.185 0.600 0.991 0.937 0.941 0.977 0.994
100 0.928 0.927 0.358 0.883 1.000 0.999 0.999 1.000 1.000

20 0.373 0.426 0.105 0.330 0.494 0.581 0.594 0.656 0.715
Case 8 30 0.539 0.570 0.150 0.484 0.861 0.810 0.819 0.878 0.915

50 0.761 0.782 0.233 0.697 0.996 0.967 0.970 0.989 0.998
100 0.966 0.965 0.420 0.947 1.000 1.000 1.000 1.000 1.000

20 0.399 0.452 0.112 0.351 0.530 0.618 0.631 0.696 0.752
Case 9 30 0.580 0.614 0.152 0.498 0.877 0.841 0.848 0.900 0.929

50 0.802 0.821 0.241 0.725 0.997 0.977 0.979 0.992 0.999
100 0.980 0.980 0.441 0.956 1.000 1.000 1.000 1.000 1.000

α = 0.05 with 10, 000 replications.D
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Table A3. Empirical power.

Distribution n L∗ L∗
n.0.8 L RModif J6

20 0.050 0.055 0.055 0.045 0.056
Case 1 (H0) 30 0.051 0.054 0.048 0.045 0.047

50 0.049 0.050 0.058 0.050 0.046
100 0.055 0.054 0.049 0.051 0.048

20 0.057 0.062 0.046 0.058 0.070
Case 2 30 0.050 0.063 0.058 0.062 0.061

50 0.058 0.062 0.053 0.075 0.068
100 0.053 0.066 0.065 0.106 0.084

20 0.057 0.088 0.070 0.114 0.112
Case 3 30 0.069 0.128 0.088 0.156 0.125

50 0.075 0.145 0.141 0.253 0.206
100 0.122 0.228 0.233 0.486 0.356

20 0.072 0.138 0.087 0.187 0.177
Case 4 30 0.100 0.229 0.142 0.287 0.243

50 0.144 0.303 0.314 0.499 0.443
100 0.333 0.572 0.595 0.818 0.750

20 0.095 0.165 0.120 0.254 0.235
Case 5 30 0.131 0.333 0.219 0.404 0.343

50 0.230 0.457 0.455 0.668 0.602
100 0.556 0.769 0.784 0.939 0.885

20 0.136 0.267 0.191 0.420 0.468
Case 6 30 0.256 0.649 0.469 0.653 0.715

50 0.642 0.908 0.914 0.894 0.972
100 0.995 1.000 1.000 0.994 1.000

20 0.226 0.330 0.314 0.593 0.644
Case 7 30 0.444 0.823 0.689 0.854 0.868

50 0.860 0.978 0.980 0.980 0.994
100 1.000 1.000 1.000 1.000 1.000

20 0.295 0.366 0.389 0.666 0.715
Case 8 30 0.555 0.876 0.790 0.913 0.915

50 0.930 0.991 0.991 0.993 0.998
100 1.000 1.000 1.000 1.000 1.000

20 0.322 0.359 0.428 0.692 0.752
Case 9 30 0.608 0.898 0.821 0.924 0.929

50 0.953 0.993 0.995 0.995 0.999
100 1.000 1.000 1.000 1.000 1.000

α = 0.05a.
aTaken from [7,8].
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Figure A1. Density functions for selected cases of the GLD.
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