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a b s t r a c t

Simultaneous autoregressive (SAR) models have been extensively
used for the analysis of spatial data in areas as diverse as demog-
raphy, economy and geography. These are linear models with a
scalar response, scalar explanatory variables and autoregressive
errors. In this work we extend this modeling approach from scalar
to functional covariates. Least squares and maximum likelihood
are used as estimation methods of the parameters. A simulation
study is considered for evaluating the performance of the proposed
methodology. As an illustration, the model is used to establish
the relationship between unsatisfied basic needs and curves of
gross domestic product obtained in 32 departments of Colombia
(districts of the country).

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

In the last decades, the advances in equipments of collection and storage of data and in computer
technology have enabled researchers in diverse branches of sciences such as, for instance, seismology,
meteorology, agronomy, medicine or finance, recording data of characteristics varying over a contin-
uum (time, space, depth, wavelength, etc.). This is the case of data collected by seismographs, rain
gauges, thermometers, penetrometers, electroencephalographs, equipments of magnetic resonance
and ultra-sound or even just by means of computer programs. In all these cases a number of subjects
are observed densely over time, space, or both. Through the application of smoothing techniques,
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these data become functions (Zhang, 2013). Thus, beyond a series of records are obtained curves,
surfaces or images. Functional Data Analysis (FDA) has arisen as a field of statistics which provides
tools for modeling this type of information (Ramsay and Silverman, 2005).

The standard statistical techniques for modeling functional data are based on the assumption
of independence between the functions, that is, if X1(t), . . . , Xn(t) with t ∈ T ⊂ R, is a sample
of functional data, is assumed that cov(Xi(t), Xj(t)) = 0, for all i ̸= j, i, j = 1, . . . , n. Amongst
others, functional linear models (Cardot et al., 1999, 2003; Chiou et al., 2004), functional analysis
of variance (Cuevas et al., 2004; Ramsay and Silverman, 2005; Zoglat, 2008; Horváth and Kokoszka,
2012; Zhang, 2013) or multivariate methods for functional data (James and Hastie, 2001; Tarpey and
Kinateder, 2003) are usually focused on independent functions. However, in several disciplines of
applied sciences there exists an increasing interest in modeling correlated functional data, that is,
when cov(Xi(t), Xj(t)) ̸= 0. This is the case when samples of functions are observed over a discrete
set of time points (temporally correlated functional data) or when these functions are observed over
different sites or areas of a region (spatially correlated functional data). In these cases the above-
mentioned methodologies may not be appropriate, as they do not incorporate dependence among
functions into the analysis. For this reason, some statistical methods formodeling correlated variables
have been extended to the functional context (Delicado et al., 2010; Ruiz-Medina and Salmerón, 2010).

Specifically in the context of spatially correlated data, let d be a positive integer and D ⊂ Rd.
Functional geostatistics deals with functions observed at a given set of points s1, . . . , sn in D (Dabo-
Niang and Yao, 2007; Giraldo et al., 2011, 2012; Caballero et al., 2013). Functional areal data (functional
data in lattices) correspond to the case ofD being a fixed and countable set. Usually there is a bijection
between D and a partition of a geographical area and to any s ∈ D is associated a function that
summarizes the event in the area represented by s. Some contributions in functional areal data can
be found in Delicado and Broner (2008) and Zhang et al. (2016).

The motivation of this work is to provide a theoretical approximation to functional linear models
on lattices. Simultaneous autoregressive (SAR) models (Ord, 1975) have been used for the analysis of
spatial data on lattices. These are linear models which assume spatial autoregressive errors (Waller
and Gotway, 2004; Schabenberger and Gotway, 2005). In this work we propose an extension of
this model to the case where the covariate is functional. The main advantage of our model is that
the spatial dependence is not restricted to the closer areas as in a CAR model (Schabenberger and
Gotway, 2005). When there is a strong structure of spatial dependence, the SAR model can be a
better option, because it takes into account all the information available. A preliminary account about
the methodology here considered is given in Pineda-Ríos and Giraldo (2016). Some works related to
functional autoregressive models are focused on functional responses (Ruiz-Medina, 2011; Aguilera-
Morillo et al., 2017) or scalar response with conditional autoregressive (CAR) structure (Zhang et al.,
2016; Ahmed, 2017).

The remainder of this paper is organized as follows: Section 2 gives a short review about SAR
models. Section 3 defines its extension to the functional context.We show two estimation procedures
and a method to find confidence bands for the functional parameter. Section 4 provides a simulation
study to evaluate the performance of our estimation methods. Section 5 illustrates the methodology
proposedwith an application to an econometrical dataset. The article concludeswith a brief discussion
and suggestions for further research.

2. Simultaneous autoregressive model

In time series analysis, autoregressive models (Box et al., 2015) represent observations at time
t as linear combinations of past values (AR model) or past errors (MA model). The extensions of
these models to the spatial context are known as the conditionally autoregressive model (CAR) and
the simultaneously autoregressive model (SAR), where spatial dependence is defined in terms of
neighboring observations or neighboring errors, respectively.

In particular, the SAR model considers the following structure. Let {(Ys, Xs); s ∈ D ⊂ Rd
} be a

bivariate stochastic process observed over a discrete fixed subset of D consisting of s1, . . . , sn spatial
locations and where, for every s ∈ D, Ys and Xs are two real-valued random variables. The SAR model
is defined as (Waller and Gotway, 2004)

Y = Xβ + ν
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ν = Bν + ϵ, (2.1)

where Y =
(
Ys1 , . . . , Ysn

)T , X is a n× 2 design matrix, β is a two-dimensional vector of parameters, ν
is a vector of spatially dependent errors, B = [bij] is a n× nmatrix of spatial dependence with bii = 0
and ϵ is a vector of iid errors (i.e., E(ϵ) = 0 and cov(ϵ) = Σ , a diagonal matrix). If all bij are zero,
there is no spatial dependence and the model reduces to the traditional linear regression model with
uncorrelated errors.

Solving Eq. (2.1) with respect to ϵ, we have

(I − B) (Y − Xβ) = ϵ, (2.2)

where I is the identitymatrix of size n. Themodel in (2.2) was introduced byWhittle (1954) and called
‘‘simultaneous’’ to describe the n autoregressions that occur simultaneously at each data location. The
matrix of spatial dependence parameters B plays an important role. Usually the parameterization B =

ρW is adopted, whereW is a known spatial proximitymatrix and ρ is a correlation coefficient (Waller
and Gotway, 2004; Schabenberger and Gotway, 2005). Under such a parameterization, the SARmodel
can be written as (Waller and Gotway, 2004)

Y = Xβ + (I − ρW)−1ϵ

= Xβ − ρW(Xβ + Y) + ϵ, (2.3)

showing that, in a SAR model, both response and covariate are spatially lagged (Waller and Gotway,
2004). For a well-defined model, invertibility of (I − ρW) is necessary. This restriction imposes
conditions on W and ρ. Haining (1993) showed that if λmax and λmin are the largest and smallest
eigenvalues ofW, and if λmin < 0 and λmax > 0, then

1
λmin

≤ ρ <
1

λmax
.

Often, the rows ofW are standardized in the sense that each element is divided by the correspond-
ing sum by row. Then, λmax = 1 and λmin ≤ −1, so that ρ < 1. If ρ is known and Σ = σ 2I, then
generalized least squares (GLS) can be used to estimate β and σ 2. If ρ is unknown, iterative GLS is
used to estimate all the parameters.

3. Functional SAR model

We now provide a SAR model with scalar response and a functional covariate. Let {(Ys, Xs(t)); s ∈

D ⊂ Rd, t ∈ T } be a bivariate stochastic process observed over a discrete fixed subset ofD consisting
of s1, . . . , sn spatial locations andwhere for every s ∈ D, Ys is a real-valued random variable and Xs(t),
t ∈ T is a real-valued random function (assumed to be in L2(T ) with respect to the Lebesguemeasure
for every fixed s, i.e., corresponds to a square integrable stochastic process on the real interval T ). The
functional SAR (FSAR) model is given by⎧⎪⎪⎨⎪⎪⎩

Y = β0 +

∫
T
X(t)β(t)dt + ν

ν = ρWν + ϵ

ϵ ∼ NMV (0, σ 2I),

(3.1)

whereY is defined as in Eq. (2.1),X(t) = (Xs1 (t), . . . , Xsn (t))
T , β0 is a n×1 constant vector,β(·) ∈ L2(T )

is a functional parameter, W is a symmetric proximity matrix and NMV notation corresponds to
a multivariate normal distribution. Notice that integration in (3.1) is intended as componentwise.
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Without loss of generality, we assume β0 = 0. Thus the model (3.1) can be written as

Y =

∫
T
X(t)β(t)dt + ρWν + ϵ (3.2)

=

∫
T
X(t)β(t)dt + ρWY − ρW

∫
T
X(t)β(t)dt + ϵ.

Solving with respect to ϵ, we obtain

ϵ = (I − ρW)
(
Y −

∫
T
X(t)β(t)dt

)
. (3.3)

In Eq. (3.1), the functional parameter of interest is β(t). Specifically, we estimate β(·) through
least squares (Section 3.1) as well as through maximum likelihood techniques (Section 3.2). Both
approaches are based on Eq. (3.3). Before going into estimation details, some preliminary results are
needed. Our presentation throughout is simplified to avoid technical obfuscation that might distract
the reader from the main message. We assume that both parameter and covariate can be expanded
in terms of some basis functions. For an orthonormal basis {ϕj}j∈N of L2(T ), we have⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

Xsi (t) =

∞∑
j=1

aijϕj(t)

β(t) =

∞∑
j=1

bjϕj(t), t ∈ T .

(3.4)

In (3.4), it is assumed that {aij}j≥1 are random variables related the ith area (represented by the ith
location si). Recall that the usual inner product on L2(T ) is ⟨f , g⟩ := ⟨f , g⟩L2(T ) defined as

⟨f , g⟩ =

∫
T
f (t)g(t)dt, f , g ∈ L2(T )

with induced norm ∥f ∥ =
√

⟨f , f ⟩. Using Parseval’s identity, we have
∞∑
j=1

⏐⏐⟨β, ϕj⟩
⏐⏐2 = ∥β∥

2 < ∞.

On the other hand, using dominated convergence, and since {ϕj}j≥1 is an orthonormal basis, we
have

∞∑
j=1

⏐⏐⟨β, ϕj⟩
⏐⏐2 =

∞∑
j=1

⏐⏐⏐⏐⏐
⟨ ∞∑

i=1

biϕi, ϕj

⟩⏐⏐⏐⏐⏐
2

=

∞∑
j=1

⏐⏐⏐⏐⏐
∞∑
i=1

bi⟨ϕi, ϕj⟩

⏐⏐⏐⏐⏐
2

=

∞∑
j=1

⏐⏐⏐⏐⏐
∞∑
i=1

biδij

⏐⏐⏐⏐⏐
2

=

∞∑
j=1

b2j ,

where δij is the Kronecker delta. Hence,
∞∑
j=1

b2j = ∥β∥
2.
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Now, if E(aij) = 0 and E
(
a2ij
)

= σ 2
j , for all i = 1, . . . , n, i.e., if we assume spatial homoscedasticity,

we have
∞∑
j=1

σ 2
j =

∫
T
E
(
X2
i (t)

)
dt < ∞.

Again, since {ϕj}j≥1 is an orthonormal basis of L2(T ) and using dominated convergence, we
conclude that∫

T
Xi(t)β(t)dt =

∫
T

(
∞∑
k=1

aikϕk(t)

)⎛⎝ ∞∑
j=1

bjϕj(t)

⎞⎠ dt

=

∞∑
k=1

∞∑
j=1

aikbj

(∫
T

ϕk(t)ϕj(t)dt
)

=

∞∑
k=1

∞∑
j=1

aikbjδjk

=

∞∑
j=1

aijbj. (3.5)

The idea of the estimation of β(·) is to consider estimates of the form

β∗(t) =

k∑
j=1

bjϕj(t),

where k is a relatively small number which is used as a smoothing parameter (Horváth and Kokoszka,
2012). This value can be estimated by using cross-validation (Ramsay and Silverman, 2005). Truncat-
ing the series (3.5) at k, we have∫

T
Xi(t)β(t)dt =

k∑
j=1

aijbj. (3.6)

Using (3.6) and defining Ak = (aij)n×k and bk = (b1, . . . , bk)T the k-truncated errors vector in Eq. (3.3)
is given by

ϵk = (I − ρkW) (Y − Akbk) . (3.7)

Note that when β0 = b01, b0 ̸= 0 in (3.1), Eq. (3.7) holds defining Ak = (1, aij)n×(k+1) and
bk = (b0, b1, . . . , bk)T .

3.1. Least squares estimation

We propose to estimate β(t) and ρ in model (3.1) based on the errors in (3.7). We can assume, as
in the classical regression model (Fox, 1984), X(t) fixed or stochastic. In the first case, the assumption
is ϵ ∼ NMV (0, σ 2I). On the second one, it is assumed that X(t) and ϵ are independent and thus
ϵ
⏐⏐X(t) ∼ NMV (0, σ 2I). Specifically, we minimize respect to bk and ρk the sum of squares

ϵTk ϵk = (Y − Akbk)
T (I − ρkW)2 (Y − Akbk)

= (Y − Akbk)
T Zk (Y − Akbk)

= YTZkY − YTZkAkbk − bT
kA

T
kZkY + bT

kA
T
kZkAkbk

= YTZkY − 2bT
kA

T
kZkY + bT

kA
T
kZkAkbk,
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with Zk = (I − ρkW)2. Taking derivative on the right hand side in the last identity with respect to bk
we get

dϵTk ϵk
dbk

= −2AT
kZkY + 2AT

kZkAkbk.

Now, taking derivative with respect to ρk we get

dϵTk ϵk
dρk

= YT (2ρkW2
− 2W

)
Y − 2bT

kA
T
k

(
2ρkW2

− 2W
)
Y + bT

kA
T
k

(
2ρkW2

− 2W
)
Akbk

= 2ρk
(
YTW2Y − 2bT

kA
T
kW

2Y + bT
kA

T
kW

2Akbk
)
− 2

(
YTWY − 2bT

kA
T
kWY + bT

kA
T
kWAkbk

)
= 2ρk (Y − Akbk)

T W2 (Y − Akbk) − 2 (Y − Akbk)
T W (Y − Akbk) .

Hence, we obtain the following system of equations⎧⎨⎩AT
k

(
I − ρ̂kW

)2 Akb̂k = AT
k

(
I − ρ̂kW

)2 Y
ρk

(
Y − Akb̂k

)T
W2

(
Y − Akb̂k

)
=

(
Y − Akb̂k

)T
W
(
Y − Akb̂k

)
.

(3.8)

The system (3.8) cannot be solved analytically. Following Schabenberger and Gotway (2005), we use
an iterative procedure to find ρ̂k and b̂k:

1. Estimate bk, taking ρk = 0;
2. Estimate ρk using the last estimator for bk;
3. Estimate bk using the last estimator for ρk;
4. Repeat steps 2 and 3 until convergence.

3.2. Maximum likelihood estimation

Now, we aim at finding the maximum likelihood estimator for β(·) and ρ. Using (3.3) and the
assumption on ϵ, we have

E
(
(I − ρW)

(
Y −

∫
T
X(t)β(t)dt

) ⏐⏐⏐⏐X) = 0.

If (I − ρW) is an invertible matrix, using properties of expected value, we get

E(Y
⏐⏐X) =

∫
T
X(t)β(t)dt.

We thus obtain

cov(Y
⏐⏐X) = cov(ν)

= cov
(
(I − ρW)−1ϵ

)
= (I − ρW)−1cov(ϵ)(I − ρW)−1

= σ 2 ((I − ρW)2
)−1

.

Using the last identity, in concert with the assumption on ϵ in (3.1) we get

Y
⏐⏐X ∼ NMV

(∫
T
X(t)β(t)dt, σ 2 ((I − ρW)2

)−1
)

.

Consequently, the likelihood function (L), conditioning to X, is given by

L(β(t), σ 2, ρ) = (2π )−n/2(σ 2)−n/2
⏐⏐(I − ρW)2

⏐⏐1/2
exp

{
−

1
2σ 2

(
Y −

∫
T
X(t)β(t)dt

)T

(I − ρW)2
(
Y −

∫
T
X(t)β(t)dt

)}
.
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Taking natural logarithm, we obtain (modulo some constant) that l = ln(L) admits the expression

l(β(t), σ 2, ρ) = −
n
2
ln(σ 2) + ln

(
|(I − ρW)|

)
−

1
2σ 2

(
Y −

∫
T
X(t)β(t)dt

)T

(I − ρW)2
(
Y −

∫
T
X(t)β(t)dt

)
.

Herewe need again to truncate themodel at some k = kn. Using the errors vector in (3.7), the function
to maximize is approximated to

lk(bk, σ
2, ρ) = −

n
2
ln(σ 2) + ln(|(I − ρkW)|) −

1
2σ 2 (Y − Akbk)

T (I − ρkW)2 (Y − Akbk) .

Then,

∂ lk
∂bk

= −
1

2σ 2

dϵTk ϵk
dbk

,

∂ lk
∂ρk

= −Tr
(
(I − ρkW)−1W

)
−

dϵTk ϵk
dρk

,

∂ lk
∂σ 2 = −

n
2σ 2 +

1
2σ 4 (Y − Akbk)

T (I − ρkW)2 (Y − Akbk) ,

where ∂ denotes partial derivative. Hence, the log-likelihood function should be maximized by
numerical methods. Note that maximizing the log-likelihood is equivalent to minimize the sum of
squares errors. Using any of the proposed estimation methods, we write

β̂k(t) = Φk(t)T b̂k, (3.9)

where Φk(t) = (ϕ1(t), . . . , ϕk(t))T is the k-dimensional vector of the first k elements of the initial
basis of L2(T ).

3.3. Confidence bands for β(t)

Now, let us assume that ρ is known and k = kn is fixed, in order to establish a confidence band for
β(t). We write

βk(t) = Φk(t)Tbk.

Set Σk = AT
k (I− ρW)2Ak. Notice that Σk is a symmetric matrix with real entries and consequently

can be diagonalized as

Σk = PJP−1,

where J is the diagonal matrix of eigenvalues of Σk. Using the assumption that ρ is known, we have

b̂k = Σ−1
k AT

k (I − ρW)2 Y.

Then, computing the expected value of b̂k conditionally on Uk, we get

E
(
b̂k

)
= Σ−1

k AT
k (I − ρW)2 E (Y)

= Σ−1
k AT

k (I − ρW)2 Akbk

= Σ−1
k Σkbk

= bk.

Hence, b̂k is unbiased estimator for bk. On the other hand,

cov
(
b̂k

)
= Σ−1

k AT
k (I − ρW)2cov (Y) (I − ρW)2AkΣ

−1
k

= σ 2Σ−1
k AT

k (I − ρW)2(I − ρW)−2(I − ρW)2AkΣ
−1
k
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= σ 2Σ−1
k AT

k (I − ρW)2AkΣ
−1
k

= σ 2Σ−1
k ΣkΣ

−1
k

= σ 2Σ−1
k .

Using the results in Schabenberger and Gotway (2005), the generalized least squares can be used to
estimate σ 2. Thus,

σ̂ 2
=

(
Y − Akb̂k

)T
(I − ρW)2

(
Y − Akb̂k

)
n − r

, (3.10)

where r = tr
(
AkΣ

−1
k AT

k (I − ρW)2
)
, with tr being the trace operator. Hence, a confidence band of

100(1 − α)% is

β̂k(t) ± z1− α
2
σ̂

√
Φk(t)TΣ−1

k Φk(t). (3.11)

If ρ is unknown, we can use a feasible least squares estimator based on ρ̂k to estimate Σk in (3.11).

3.4. Asymptotic inference

In this section we assume that k in (3.6) is fixed. We also consider two scenarios for the spatial
dependence parameter (ρ known and unknown, respectively).

3.4.1. ρ known
Under this assumption, the maximum likelihood estimator of bk is equal to the generalized least

squares estimator. Thus,

b̂k = Σ−1
k AT

k (I − ρW)2 Y
= Σ−1

k AT
k (I − ρW)2 Akbk + Σ−1

k AT
k (I − ρW)2 (I − ρW)−1 ϵk

= bk + Σ−1
k AT

k (I − ρW) ϵk

= bk +

(
1
n
Σk

)−1 (1
n
AT
k (I − ρW) ϵk

)
.

A condition that ensures the consistency of b̂k for bk is

(A1) limn→∞
1
nΣk = Qk,

where Qk is a nonsingular matrix. Now, using the Lindeberg–Feller central limit theorem (Resnick,
2013) and the above condition we have (Schabenberger and Gotway, 2005)

√
n
(
b̂k − bk

)
=

(
1
n
Σk

)−1 ( 1
√
n
AT
k (I − ρW) ϵk

)
d

−→ NMV
(
0,Q−1

k

)
. (3.12)

3.4.2. ρ unknown
In Section 3.1 we obtained estimators of ρk and bk. Based on these ones bk can be re-estimated as

b̃k = Σ−1
k AT

k

(
I − ρ̂kW

)2 Y. (3.13)

Now taking into account the conditions

(A2) 1
nA

T
k

(
(I − ρ̂kW)2 − (I − ρW)2

)
Ak

p
−→ 0;

(A3) 1
nA

T
k

(
(I − ρ̂kW)2 − (I − ρW)2

)
ϵk

p
−→ 0,
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Fig. 1. Spatial layout of Colombia (left panel). The Department (county) highlighted in left panel corresponds to Cundinamarca.
Centroids of municipalities of this Department (right panel).

Remark 1. When ρ is unknown, we can use the above conditions to give a partial result about
the convergence of the estimator β̂(t) for β(t), assuming k fixed. More exactly, if the assumptions
(A1)–(A3) are satisfied, then

√
n
(
b̃k − bk

)
d

−→ NMV
(
0,Q−1

k

)
. (3.14)

In the casewhere k converges towards infinity, Ahmed (2017) has established certain assumptions
related to the spatial dependence structure that can be considered for the model presented here.

4. Simulation study

We consider several simulation scenarios for the model in Eq. (3.1) to assess the performance of
the algorithms proposed. To carry out the simulations, we use the spatial layout of 117municipalities
of the Department of Cundinamarca, located in the central region of Colombia (Fig. 1). Under each
scenario, the simulations are generated adding to a sinusoidal trend 117 realizations of iid Gaussian
processes discretized on a fine grid of 101 points {t1, . . . , t101} ∈ [0, 100]. Usually to carry out
simulations of covariates and parameters in a functional regression model are chosen trigonometric,
exponential and polynomial functions (Ramsay and Silverman, 2005; Amato et al., 2006; Ramsay et al.,
2009; Giraldo et al., 2018), because posteriorly its behavior can be easily fitted by means of basis
functions.

Specifically, we follow the next steps:

1. For each municipality in Fig. 1, we simulate a discrete set of values of a functional covariate
through Xi(tj) = cos(tj) + ξi(tj), i = 1, . . . , 117; j = 0, 1, . . . , 100, with ξi(tj) a realization of a
white-noise. These values are then smoothed by using a B-spline basis for obtaining the set of
curves Xi(t), i = 1, . . . , 117 (Fig. 2). We use the same number of basis functions considered in
Section 5. Xi(tj) is defined as in Amato et al. (2006) and Giraldo et al. (2018).

2. A spatial weight matrixW117×117 (row-standardized) is built based on the first order contiguity
relations of the 117 municipalities in right panel of Fig. 1. In this matrix wij > 0 if the
municipalities i and j are neighbors (if their centroids are connected), and 0 otherwise. We also
set wii = 0.

3. To evaluate the effect of the spatial correlation in the procedure proposed, we consider several
values for ρ parameter. In particular we take ρ = 0.1, 0.3, 0.5, 0.7 and 0.9.

4. The functional regression parameter is defined asβ(t) = e−
t
10

(( t
10

)2
+ 3

( t
10

)
− 4

)
(see Fig. 3).
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Fig. 2. 117 simulations of X(tj) = cos(tj)+ ξ (tj), j = 0, 1, . . . , 100, with ξ (tj) a realization of a white-noise. The discrete values
obtained are expanding by using a B-spline basis.

Fig. 3. Functional parameter β(t) (black line) and 1000 estimations of this one (gray lines) obtained with ρ = 0.5 and σ 2
= 1.

5. We generate a vector ϵ of Gaussian errors with zero mean and covariance matrix I, i.e., σ 2
= 1.

After, we simulate a value of vector Y according to the following equation

Y = Akbk + (I − ρW)−1ϵ,

with Ak and bk defined in Section 3.1.
6. The parameters β(t), σ 2 and ρ are estimated, using the iterative procedure detailed in Sec-

tion 3.2.
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Fig. 4. Departments of Colombia (left panel) and choropleth map of index of Unsatisfied Basic Need in Colombia (right panel).

Table 1
Summary statistics of estimations for the spatial dependence
parameter ρ, the mean of integrated squared error (MISE) and
the variance σ 2 .
ρ ρ̂ MISE σ̂ 2

0.1 0.09 0.11 1.07
0.3 0.31 0.11 0.80
0.5 0.50 0.11 0.93
0.7 0.70 0.10 0.81
0.9 0.90 0.10 0.80

7. The steps 5 and 6 are repeated 1000 times. In each case, β̂i(t) is calculated. In Fig. 3 are shown
the estimations when ρ = 0.5. Also, we calculate σ̂ 2

i , ρ̂i and the integrated squared error (ISE)
of β̂i(t), using the equation

∥β̂i − β∥
2

=

∫
T

(
β̂i(t) − β(t)

)2
dt.

8. Finally, we calculate the mean of integrated squared error (MISE), σ̂ 2
=

1
1000

∑1000
i=1 σ̂ 2

i and
ρ̂ =

1
1000

∑1000
i=1 ρ̂i.

The results of the procedure described above are shown in Table 1.
The results in Table 1 indicate that the algorithm implemented allows to accurately estimate the

spatial dependence parameter ρ. Also show that with a k relatively small are obtained estimations
only slightly biased of σ 2 and β(t). In this way, we can conclude from a practical point of view that
the methodology proposed has a good performance.

5. Relationship between Unsatisfied Basic Need and Gross Domestic Product in Colombia

We show an application of the methodology introduced in Section 3 to an econometric dataset.
For each of 32 departments of Colombia (Fig. 4, left), we consider data of Unsatisfied Basic Needs
(UBN) index in 2015 and Agriculture’s share of the Gross Domestic Product (AGDP) (recorded annually
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Fig. 5. Curves of AGDP (Agriculture’s share of the Gross Domestic Product) for departments of Colombia, obtained after
expanding the data by using a 11 B-splines basis.

between 2000 and 2015). These data were obtained from the Colombian Administrative Department
of Statistics (DANE, by its acronym in Spanish). Ourmotivation is to establish the relationship between
these variables as a contribution to explain the regional variation of UBN in Colombia. Taking into
account that this is an areal dataset (data of UNB and AGDP for each department) we consider
appropriate to use the FSAR model here proposed.

Initially, the discrete data of AGDP were expanded in terms of 11 B-spline basis functions (Fig. 5).
The number of basis was selected by using cross-validation (Ramsay and Silverman, 2005). We
start the analysis describing the behavior of the AGDP curves (Figs. 5–7) and UBN data (Fig. 4) and
posteriorly we estimate a FSAR model (Eq. (3.1)) taking UBN as an scalar response and AGDP as a
functional covariate.

According to Fig. 5, we observe that AGDP tends, in general terms, to decrease between 2000
and 2012. This is directly related to the monetary efforts that the departmental governments have
concentrated on public administration and defense, i.e., on policies associatedwith the armed conflict
that Colombia has experienced during the last 50 years.We also note that AGDP has slightly increased
after 2012. This is due to the fact that the Colombian government has modified some policies in order
to implement sustainable rural development and these have been geared towardsmaking agriculture
attractive (particularly for the younger generations).

In order to evaluate the presence of atypical functional data, we use the methodology given
in Hyndman and Shang (2010). These authors extend the bagplot proposed by Rousseeuw et al. (1999)
to the functional context. Initially a robust functional principal component analysis (Bali et al., 2011)
is carried out. Then, by using the two first principal components, is plotted a bagplot to identify
the atypical scores. Finally is obtained a functional bagplot which displays the median curve (the
curve with the greatest depth), and the inner and outer regions, allowing to visualize the behavior
of the atypical curves. Themethodology identify scale outliers (curves that lie outside the range of the
majority of the data) and shape outliers (curves masked among the rest of the curves) (Hyndman and
Shang, 2010).

Fig. 6 indicates that there are some outliers (points out the bags in left panel). These correspond
to AGDP curves of Arauca, Chocó and Meta departments (see Fig. 4 to identify their location). Also
we note in right panel of Fig. 6 that these curves are distanced from the others (the curves of AGDP
corresponding to Arauca and Chocó are scale outliers whereas Meta is a shape outlier). This is due
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Fig. 6. Bagplot (left) and functional bagplot (right) of AGDP (Agriculture’s share of the Gross Domestic Product) curves. The
dark and light gray regions show the bag and fence regions, respectively. The red asterisk is the Tukey depth median. Black
curve in right figure corresponds to the median. PC score 1 and PC score 2 are the first two functional principal components
obtained with the AGDP curves . (For interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)

Fig. 7. Estimated functional mean (left panel) and functional coefficient of variation (right panel) of AGDP (Agriculture’s share
of the Gross Domestic Product).

to different reasons, which include among others geographic and environmental conditions, the
presence of illegal crops and the influence of armed groups in the productive activities.

Fig. 7 shows the functional mean (left) and functional coefficient of variation (right) of AGDP. The
mean plot confirms that there is a decreasing trend until 2012. On the other hand we can see that the
variation coefficient varies approximately between 42% and 47% indicating that there is a relatively
high variability in AGDP which remains homogeneous during the study period. This is due to the fact
that in the poorest departments investment in agriculture (in percentage terms) is much lower.

With regard toUBN, the choroplethmap (Fig. 4, right) indicates that the departmentswith themost
adverse conditions (yellow colors) are Guajira, Vaupés, Vichada and Guainía (Fig. 4, left). In these ones
even basic health care is below standard. The other side of the coin corresponds to departments in the
central region of the country, where the rural investment has been growing in recent years.



158 W. Pineda-Ríos, R. Giraldo and E. Porcu / Spatial Statistics 29 (2019) 145–159

Fig. 8. Left Panel: Estimation of β(t) (black line) and 95% confidence bands (red lines). Right Panel: Enlargement of confidence
bands from 2005 to 2010. Confidence bands are calculated by using ρ̂k in the estimation of Σk . (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

We adopted a FSARmodel to establish the relationship between UBN and AGDP. Our interest is the
estimation of the functional parameter β(t). This can be used as an indicator of the impact of public
investments in agriculture (implemented by the departments of Colombia during 16 years) on the
UNB index of the year 2015. The model is estimated by using the methodology exposed in Section 3.
Fig. 8 shows the estimation of β(t) and its 95% confidence bands.

It is expected that the greater the investment in agriculture, the lower the UBN index. Obviously
this effect is not immediate but is reflected years later. According to the estimation in Fig. 8, we
can conclude that AGDP has shown a positive effect on the UBN index of the year 2015 in two
periods of time (2003–2011 and 2013–2014, respectively). This relationship is particularly evident
in departments such as Valle del Cauca (southwest region), Quindío, Risaralda, Caldas, Cundinamarca
and Santander (central region), Meta (Eastern plains), Putumayo (Amazon area) and Atlántico in the
north coast of the country (see blue colors in the choropleth map in right panel of Fig. 4).

6. Concluding remarks

We have defined the functional spatial autoregressive model for areal data and established a
methodology to carry out some inferential procedures. However there are many additional points
which deserve study. According to the simulation results, we can conclude that the estimations,
based on our iterative procedure, have good performance. Nevertheless, this computational study
should be expanded. All the simulations were obtained assuming a fixed k. It would be important
to check the behavior of bias and variability (MISE) of σ̂ 2, β̂(t), ρ̂ when k increases. Other modeling
approaches considering a functional SAR model with several functional and scalars covariates could
be considered. In this case, the estimation of the parameters and the treatment of collinearity are
challenges to be addressed. Another interesting point is the comparison with other functional models
for spatial data (for examplewith a functional CARmodel). In this scenario simulations under different
spatial correlation structures could be carried out. Our premise is that the functional SAR model here
described has a better performance than other similar models when the spatial dependence increases
because it allows to catch all the spatial dependence underlying. The definition of a functional
Gaussian Markov random field is, at the best of our knowledge, an open research field that can be
studied.

From a practical point of view, we found that the model based on AGDP data has allowed to
recognize some periods of time where the investment in agriculture has had a positive effect on the
reduction of UBN index. This modeling approach is innovative in the field of spatial econometrics.
Application to other types of data could be explored.
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