2011 Fourth International Symposium on Computational Intelligence and Design

A First Approach in the Implementation of the Simplification Method
of Boolean and Fuzzy Formulas Based on Finite Algebras

José Jairo Soriano Méndez
Omar Salazar Morales
Engineering Department
Universidad Distrital Francisco José de Caldas
Bogotd D. C., Colombia
Emails: jairosoriano@udistrital.edu.co
osalazarm@ correo.udistrital.edu.co

Abstract—In several aspects of the fuzzy sets theory and
its applications, it is convenient to do some manipulations
on the formulas that are proposed in order to obtain some
enhancements in methods such as in design and implementa-
tion. Currently, the proper fuzzy sets characteristics do not let
Boolean simplification methods be applied in an effective way,
and consequently, the algorithm solutions proposed so far for
these methods cannot be used. This paper presents preliminary
ideas in the first algorithmic implementation design of a
simplification method of Boolean and fuzzy formulas by using
finite algebras.
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I. INTRODUCTION

When Lofti Zadeh [1] introduced the fuzzy set theory also
proposed the way to work with sets using their membership
functions. The max, min and @’ = 1 — a operations, with
a € [0,1], given by Zadeh have been called standard
operations [2] because they have been the reference to
propose other operations now known as t-conorms, t-norms
and fuzzy complements. Some authors [3][4][5] studied the
algebraic structures that arose when the standard operations
were used over the elements in the unit interval [0, 1] and
closed intervals [a,b] C [0,1], and they concluded that they
were Kleene and De Morgan algebras. The first case arose
when type-1 fuzzy sets were operated, and the second case
when interval-valued type-2 fuzzy sets were operated. Now
these algebras are known as standard fuzzy algebras and
they are represented as X, = ([0,1];V,A,,0,1), where
aVb = max{a,b}, aAb = min{a,b} and o’ =1 —-a
for all a,b € [0,1]; and My = (M;V,A,,0,1), where M =
{{a,b) | a,b€[0,1],a < b}, (a,b) V{c,d) = (aVe,bVd),
{a,b)Ale,d) = (a Ae,bAd) and (a,b) = (1 —b,1 — a) for
all {a,b),{(c,d) € M. In M; an interval [a, b] is represented
as a pair (a,b) [6][3][4].

Boolean algebra B, = ({0,1};V,A,”,0,1), where {0,1}
is the lattice shown in Figure 1(a) and the operations are
shown in table I(a), has several methods for simplification of
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Figure 1. (a) Lattice Bo. (b) Lattice K3. (c) Lattice M.

its formulas. The most known in the literature are Karnaugh
maps and Quine-McCluskey method [7]. The problem with
these methods is that they are based on boolean properties
and they are not valid if they are used in a Kleene or
De Morgan algebra. Then, we have a problem if we try to
use boolean methods to simplify formulas that involve type-
1 fuzzy sets and interval-valued type-2 fuzzy sets (i.e., we
are using standard fuzzy algebras). Some authors [8][9][10]
have proposed simplification methods in the type-1 fuzzy
case, i.e. in the algebra K. Their methods are based on
the direct manipulation of the formula but not necessarily
suitable for computational implementation. In the interval-
valued type-2 fuzzy case (M, algebra) we have not found
proposes.

For the treated subjected in this paper, the mathematical
background came in 2003 with the presentation of the alge-
braic theory by M. Gehrke, C. Walker and E. Walker [4] with
some previous works [6][3] where the formulas both in the
type-1 and interval-valued type-2 fuzzy cases (i.e. K¢ and
M algebras) can be manipulated without losing the identity
by using the finite algebras Ks ({0,u,1};Vv,A/,0,1)
and My = ({0,u,v,1};V,A,’,0,1), where {0,u,1} and
{0,u,v,1} are the lattices shown in figures 1(b) and 1(c)
and the operations are shown in tables I(b) and I(c). Now
is well known that K3 is a Kleene algebra and M, is a
De Morgan algebra [4][3][11]. Between 2010 and 2011,
Salazar [12] and Soriano, used this algebraic theory to
propose a method to simplify the formulas of the algebras
Bo, Ks and M using the finite algebras Bo, K3 and My.
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Table 1
OPERATIONS IN (a) Ba, (b) K3 AND (c) My.

(a)

V] o 1 A0 1 "
0[]0 1 0[O0 O 0] 1
111 1 110 1 110
(b)
V] 0 u 1 Al O u 1 "
0[O0 wu 1 O[O0 O O 0] 1
u|lu uwu 1 v |0 u wu u | u
111 1 1 110 ow 1 110
©
V] 0 uw v 1 AlO uw v 1 "
0[O0 uwu wv» 1 ol0 O O O 0] 1
u|lu uwu 1 1 u |0 wu 0 wu u | u
vl v 1 v 1 v |0 0 v w v | v
1 1 1 1 1 110 w v 1 110

Salazar also showed that is possible the simplification when
the standard complement operation ' = 1 — a is changed
for one complement operation that satisfies two axiomatic
requirements: monotonously decreasing and involutive, i.e.,
if a,b € [0,1] and @ < b then ¢’ > ¥ and (¢') = a.
These algebras were called quasi-standard fuzzy algebras,
represented as Xgs and Mgy, and they were presented in
[13].

The exact method proposed by Salazar is not shown
in this paper, because its description is too long and we
have a restriction in pages. We omit several details. All
the mathematical theory can be found in [12]. The aim of
this paper is to present some preliminaries ideas behind a
first computational implementation made by Barreiro and
Hernandez. This work is now in progress.

This paper is organized as follows: In Section II we give
a summary of the method proposed in [12]. In Section
IIT we discuss preliminaries ideas behind the computational
implementation of the method. In Section IV we present the
conclusion.

II. SUMMARY OF THE METHOD

In this summary we omit several details. Given a formula
f with n variables in the set V = {1, ..., 2, } we must do
the following (see Figure 2):

1) Find the disjunctive D (f) or conjunctive C (f) normal
form according to the algebra (Bo, K3 or My). The
exact rules to find D (f) and C(f) using tables of val-
ues in {0,1}, {0,u,1} or {0,u,v, 1} are given in [4].
The disjunctive normal form D (f) is a representation

D(f)=goVg1V---Vgr_aVgr1

where g; (0 < i < k — 1) are conjunctions, and the
conjunctive normal form C(f) is a representation

C(f) Zho/\h1A~--/\hl_2/\hl_1
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p=D(f) and ¢ = ED"(f); or
p=C(f) and ¢ = ECY (f)
Figure 2. Block diagram of the simplification method

where h; (0 < ¢ <[ —1) are disjunctions.

Find the disjunctive EDY (f) or ECY (f) conjunctive
expansion according to the algebra (Bo, K3 or My),
depending on previously we find D(f) o C(f). The
exact rules to find EDY (f) and EDY (f) using tables
of values in {0,1}, {0,u,1} or {0,u,v,1} are given
in [12]. The disjunctive expansion EDY (f) is a rep-
resentation

2)

EDY(f) =poVp1V -V Pm—aVPm-1

where p; (0 <7 < m — 1) are conjunctions, and the
conjunctive expansion ECV( f) is a representation

ECY(f)=qoAqi A AGr2 AGr1

where ¢; (0 < ¢ < r — 1) are disjunctions.

We must compare the normal form with the expansion
using the covering method. The covering method is
a tabular array as shown in tables II(a) and II(b),
depending on whether we are using (D(f),EDY (f))
or (C(f),ECY(f)) respectively.

In table II(a) we put the symbol “v"” if the literals (a
variable or its complement) of the conjunction p; also
are inside the conjunction g;. Otherwise we omit the
symbol “v'”.

In table II(b) we put the symbol “v"” if the literals of
the disjunction ¢; also are inside the conjunction h;.
Otherwise we omit the symbol “v”.

In this point we find at least one formula f that
satisfies a simplification criterion (this formula is not
necessarily unique). The possible formula is given by a
subset of p;’s or g;’s such that the symbol “v” covers
all the g;’s or h;’s.

3)

III. ALGORITHM OF SIMPLIFICATION

Once the theory has been proposed, the necessity to
implement the mathematical procedure in an algorithm (see
Figure 3) came up since it turns cumbersome when increas-
ing the number of variables.

The first step is to get the formula that is required to
simplify into the algorithm. This procedure could be given
in a table in which the user assigns the values for each one
of the combinations according to the algebra and number
of variables, or by typing the formula using the possible



Table II
TABULAR ARRAY OF THE COVERING METHOD. (a) ARRAY WITH D (f)
AND EDV (f). (b) ARRAY WITH C (f) AND ECY (f).

(a)

EDY (f)
f po | p1 pi | | Pm—2 | Pm-1
90
g1
S .
[ gi v
9k—2
9k—1
(b)
ECY(f)
f qQ | @1 g | | @r—2 | @r—1
ho
h1
= :
© T v
hi—2
hi—1

operations in these algebras (A, V, ') as shown above. Either
from the table or the formula previously mentioned, this
information is saved into an array in order to make all of
the operations; mainly the normal form and the expansion
after having selected the disjunctive or conjunctive way. The
former is found from the array that describes the initial
formula, the possible combinations for a certain number
of variables and based on the rules of the normal form
chosen; whereas the disjunctive/conjunctive expansion is
found from the possible combinations including the omission
of the variables. Afterwards, the results are manipulated to
express the normal form and the expansion as symbolic
formulas such as the disjunction of conjunctions or the
conjunction of disjunctions depending on the selected way
for the procedure.

The covering process, which is the penultimate one, can
now be done, since the normal form and the expansion
have already been found. However, prior to doing this
step, the forms can be simplified by using the absorption
property. The absorption property is applied by locating the
expressions which have fewer literals than the others, and
then looking for those expressions which contain them and
are composed by more literals at the same time; so they
are despised to rewrite the normal form and the disjunc-
tive/conjunctive expansion.

Finally, it is possible to create a matrix whose columns
are the literals obtained in the absorption of the disjunc-
tive/conjunctive expansion and whose rows are the literals
obtained in the absorption of the normal form; then, the
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Figure 3. Simplification algorithm flowchart

intersections are identified between the elements in columns
and rows which will determine the essential literals for
the simplification and other literals, that although are not
essential, have to be used to complete the simplification
process. It is important to clarify that it is likely to get
different solutions for the simplification, so the algorithm
has to be able to found all of them and additionally to point
out the solution that has fewer literals as the best one.

A. The Normal Form

In order to find the normal form, first, the algebra and the
number of variables have to be known to produce all of the
possible combinations, and the information that describes the
formula to simplify should be saved in an array; so elements
are located into the array, and thus, a coincidence between
this position and the combination position that corresponds



Figure 4. Literal existence representation into an array

to each value is made. After that, the symbolic formula can
be written by using the manipulation of literals explained in
Section III-C.

B. The Disjunctive/Conjunctive Expansion

The disjunctive/conjunctive expansion is found in a sim-
ilar way to the normal form. However, this process in-
volves algebraic operations among elements that describe
the formula to simplify, and that implies operations among
elements which belong to the same array. It is obtained
that the disjunctive/conjunctive expansion will have as many
elements as possible combinations including the omission of
the variables.

The position of elements which should be operated into
the array, the increment rate of the position in the array
and the number of operations per increment, have a math-
ematical pattern that can be described based on the type of
algebra and the number of variables previously known in the
algorithm.

C. Literals Manipulation Techniques

The manipulation of literals is very important during
the whole simplification procedure, so it was appropriate
to create a strategy to operate them and determine their
logic values in an easy way, since types of algebra such
as Kleene’s and De Morgan’s use values different from
numbers. Furthermore, regarding the covering process, some
values from the disjunctive/conjunctive expansion and the
normal form have to be compared. To solve this problem,
it was proposed to work with arrays where each position
represents the existence of the literal. For instance, the
Figure 4 shows the array that corresponds to AxB’'+C*C”x...
where the literal = has a position that is different from the
position of z’, thus, it is possible to work with the numbers
1 and 0 indicating whether a literal exists or not in a certain
expression.

IV. CONCLUSION AND RELATED WORK

The presented algorithm in LabView®) has allowed for
the discovery of some simplifications for arbitrary formulas
so that the equivalence could be verified in all of the possible
values in the respective algebra. Therefore, it permits a first
validation of the algorithm and the simplification method.
However, the investigation continues in the process of metric
definition and the performance. Currently, this method of
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simplification is being used in fuzzy control applications,
so new design strategies are being studied and explored to
propose them in this field and consequently analyze their
differences with the methods already found in the literature.
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