This article was downloaded by: [Université de Moncton]

On: 16 October 2014, At: 05:39

Publisher: Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered
office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH, UK

Communications in Statistics - Simulation
and Computation

Publication details, including instructions for authors and
subscription information:
http://www.tandfonline.com/loi/Issp20

Using the Reversible Jump MCMC
i—— Procedure for Identifying and Estimating
— s Univariate TAR Models

Fabio H. Nieto ® , Hanwen Zhang ® & Wen Li

# Departamento de Estadistica , Universidad Nacional de Colombia ,
Bogot4, D.C. , Colombia

® Facultad de Estadistica , Universidad Santo Tomas , Bogota, D.C. ,
Colombia

¢ Singapore Clinical Research Institute , Singapore
Published online: 21 Dec 2012.

To cite this article: Fabio H. Nieto , Hanwen Zhang & Wen Li (2013) Using the Reversible Jump
MCMC Procedure for Identifying and Estimating Univariate TAR Models, Communications in Statistics -
Simulation and Computation, 42:4, 814-840, DOI: 10.1080/03610918.2012.655827

To link to this article: http://dx.doi.org/10.1080/03610918.2012.655827

PLEASE SCROLL DOWN FOR ARTICLE

Taylor & Francis makes every effort to ensure the accuracy of all the information (the
“Content”) contained in the publications on our platform. However, Taylor & Francis,
our agents, and our licensors make no representations or warranties whatsoever as to
the accuracy, completeness, or suitability for any purpose of the Content. Any opinions
and views expressed in this publication are the opinions and views of the authors,

and are not the views of or endorsed by Taylor & Francis. The accuracy of the Content
should not be relied upon and should be independently verified with primary sources
of information. Taylor and Francis shall not be liable for any losses, actions, claims,
proceedings, demands, costs, expenses, damages, and other liabilities whatsoever or
howsoever caused arising directly or indirectly in connection with, in relation to or arising
out of the use of the Content.

This article may be used for research, teaching, and private study purposes. Any
substantial or systematic reproduction, redistribution, reselling, loan, sub-licensing,
systematic supply, or distribution in any form to anyone is expressly forbidden. Terms &



http://www.tandfonline.com/loi/lssp20
http://www.tandfonline.com/action/showCitFormats?doi=10.1080/03610918.2012.655827
http://dx.doi.org/10.1080/03610918.2012.655827

Downloaded by [Université de Moncton] at 05:39 16 October 2014

Conditions of access and use can be found at http://www.tandfonline.com/page/terms-
and-conditions



http://www.tandfonline.com/page/terms-and-conditions
http://www.tandfonline.com/page/terms-and-conditions

Downloaded by [Université de Moncton] at 05:39 16 October 2014

Taylor & Francis

Taylor & Francis Group

Communications in Statistics—Simulation and Computaii0n®, 42: 814-840, 2013
Copyright © Taylor & Francis Group, LLC
ISSN: 0361-0918 print / 1532-4141 online

DOLI: 10.1080/03610918.2012.655827

Using the Reversible Jump MCMC Procedure for
Identifying and Estimating Univariate TAR Models

FABIO H. NIETO,! HANWEN ZHANG,> AND WEN LI*

lDepartamento de Estadistica, Universidad Nacional de Colombia, Bogotd, D.C.,
Colombia

2Facultad de Estadistica, Universidad Santo Tomds, Bogotd, D.C., Colombia
3Singapore Clinical Research Institute, Singapore

One way that has been used for identifying and estimating threshold autoregressive
(TAR) models for nonlinear time series follows the Markov chain Monte Carlo (MCMC)
approach via the Gibbs sampler. This route has major computational difficulties, specif-
ically, in getting convergence to the parameter distributions. In this article, a new pro-
cedure for identifying a TAR model and for estimating its parameters is developed by
Jfollowing the reversible jump MCMC procedure. It is found that the proposed procedure
conveys a Markov chain with convergence properties.

Keywords Bayesian model choice; Nonlinear time series; Regime-switching models;
RIMCMC; Threshold autoregressive (TAR) models

Mathematics Subject Classification Primary 62; Secondary 60

1. Introduction

Nieto (2005) developed a procedure for identifying univariate threshold autoregressive
(TAR) models, which are nonlinear, based on that of Carlin and Chib (1995) for Bayesian
model choice. As quoted by these authors, the so-called link distributions are crucial for
obtaining efficient mixing in the Gibbs sampler defined in their article. This aspect was
noted by Nieto (2005) and he found major difficulties in implementing the method in
practice, especially, because of the very small values of the model likelihood function, a
fact which signals that the likelihood present in the data is not being extracted optimally.
In order to have an alternative to Nieto’s (2005) approach, we present in this article
a procedure based on Green’s (1995) RIMCMC (reversible jump Markov chain Monte
Carlo) sampler. Some authors have addressed problems that are close to the one presented
in this article, for example, Campbell (2004) and Vermaak et al. (2004). The first work
developed an RIMCMC sampler in the context of the so-called SETAR (self-exciting
threshold autoregressive) models, where, a priori, the number of regimes is assumed to
be known and the focus is basically on estimating the autoregressive (AR) orders. In the
second work, linear AR processes are considered and the interest is to estimate the unknown
model order. For choosing different types of time series models, Vrontos et al. (2000) used

Received December 2, 2010; Accepted December 28, 2011
Address correspondence to Fabio H. Nieto, Departamento de Estadistica, Universidad Nacional
de Colombia, Carrera 30 No. 45-03, Bogotd, Colombia; E-mail: thnietos @unal.edu.co

814



Downloaded by [Université de Moncton] at 05:39 16 October 2014

RIMCMC Procedure for TAR Models 815

the RIMCMC procedure for making full Bayesian inference of generalized autoregressive
conditional heteroscedasticity (GARCH) and exponential GARCH (EGARCH) models.

Our main concern in this article is to identify (estimate) the structural parameters, that
is, the number of regimes and the AR orders in each regime and, simultaneously, to estimate
the nonstructural parameters of the TAR model. A crucial complexity in the design of the
RIMCMC sampler is implied by jumps in both the number of regimes and the AR orders
in the regimes, a situation not addressed in literature. To handle this problem, we propose a
two-step procedure, which consists of, first, to identify the number of regimes and, second,
conditional on this parameter, to estimate the remaining model parameters.

In Sec. 2, we present a brief summary of the TAR model and the basic steps of the
RIMCMC sampler. The two-step algorithm developed for the TAR model is presented in
Sec. 3 and in Sec. 4, we include a procedure for checking the convergence of the proposed
sampler. Two simulations and one real-data application are provided in Sec. 5. Finally,
main conclusions and recommendations for future research are given in Sec. 6.

2. Theoretical Background

2.1. TAR Models

Let {X,} and {Z,} be stochastic processes defined on the same probability space and related
by the equation (TAR model)

‘ PR A

X, = a(()j) + 211:1 a,sz—i +hPe, , (1)
if Z, € Bj =(rj_1,7j], for some j, j =1,...,1, where ro = —00, r; =00, and [ is a
positive integer number. Here, af’) andh;j =1,...,1;i =0, 1,..., k;;arereal numbers

and {e;} is a Gaussian zero-mean white-noise process with variance 1. The real numbers
rj, j=1,...,1 — 1, are called the threshold values of the process {Z;} and they define /
regimes for the bivariate process {X;, Z;}. Additionally, the nonnegative integer numbers
ki, ..., k; denote, respectively, the AR orders of {X,} in each regime. We use the symbol
TAR(l;ky, ..., k;) to denote this model and call [, ry, ..., r_y, and ky, . . ., k; as the model
structural parameters.

This kind of models was introduced by Tong (1978) and Tong and Lim (1980), in which
the threshold variable is the lagged variable X,_, for some positive integer d. This specific
model is called as the SETAR model and there is a rich literature on how to analyze these
models, with the assumption that the number / of regimes and the AR orders &y, . .., k; are
known.

Under the open-loop systems (Tong, 1990), we assume that {Z;} is exogenous in
the sense that there is no feedback of {X,} toward it and that {Z;} is a homoge-
neous pth-order Markov chain with initial distribution Fy(z, #,) and kernel distribution
Fp(zi|zi=15 - - -, 2—p, 0;), where 0 is a parameter vector in an appropriate numerical space.
Furthermore, we assume that these distributions have densities in the Lebesgue measure
sense. Let fo(z, 0;)and f,(z|zi—1, ..., 2—p, 0;) be, respectively, the initial and kernel den-
sity functions of the distributions above. In this article, we assume that the p-dimensional
Markov chain {Z,} has an invariant or stationary distribution f,(z, 6).

Tong (1990) considered open-loop models and under this concept, the TAR model
means that the nonlinear dynamical behavior of variable X is explained by the exogenous
variable Z, according to its values in the sets of a partition of its sample space. Tsay
(1998) developed the multivariate version of the TAR model for complete time series,
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with the threshold variable Z,_;, where d > 1, while in Nieto’s (2005) model d = 0
is allowed. Nieto (2005) developed the methodology for analyzing the TAR model in
the presence of missing data and a procedure for forecasting variable X with the TAR
model (Nieto, 2008). If the time series are complete, Nieto’s methods are applicable with
minor modifications. The typical TAR model can explain certain stylized facts of financial
and hydrological/meteorological time series, for example, the presence of extreme-value
clusters. The model can also explain the regime-switching characteristic of Markov chains,
with the advantage that the state space can be general, that is, not necessarily discrete.

2.2. The RJMCMC Procedure

This section refers to Chen et al. (2000). For a more specific presentation, the reader can
consult Green (1995).

Suppose that we have a countable collection of candidate models { M|k € M}, where
M C N, the set of natural numbers. Model M is parameterized by the unknown vector Q)
of dimension py, which may vary from model to model. Under model M, the posterior
distribution of #® takes the form

(@0 D, My) o« 700D, M) p(k)/ p(Mi|D),

with 7*@0®|D, My) = LOP, M| D)7 (0P| M,), where D denotes the dataset,
LO%®, M,|D) is the likelihood function, (8| M,) is the prior distribution for the pa-
rameter vector under model My, and p(k) is a prior distribution for k (or My). Note that
7*@®|D, M,) is the unnormalized posterior density, given M. Then, the joint distribu-
tion of (k, %) given the data D, the distribution of interest, is given by

n(k, 0% D) = (%D, My) p(M|D) ox 7*(0® | D, My)p(k).

The idea is to obtain joint samples for the model number k and the parameter vector 8%
from this joint posterior distribution. Note that, strictly speaking, k is a realization of a
discrete random variable K, whose sample space is M.

The main property of the RIMCMC algorithm is that the underlying Markov chain is
designed in a way that it can jump between models with different dimensional parameter
spaces, while retaining a detailed balance that ensures the correct limiting distribution. This
last property is accomplished if the chain is irreducible and aperiodic.

The Algorithm
Let us assume that the current state of the chain is (k, 8%), then:

Step 1. Propose a new model M+ with jump probability j(k*|k) (this means, given k, one
needs to put a probability distribution for choosing moves among the models).

Step 2. Generate u, of certain dimension, from a specified proposal density g (u|0®, k, k*).

Step 3. Set (O(k*), u) = gk_k*(o(k), u), where g; ;« is a bijective transformation between
Euclidian subspaces of dimension p; +dim(u) = py+ + dim(u*) (thus, one needs some
kind of dimension matching and for that purpose one uses the proposal distribution
g (1)

Step 4. Let

1o = p()T* @D, My ) j(k* k) qr- (01097 k¥, k),
ra = p()m*@® D, My) j(klk*)qr(ul0®, k, k*),
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and J be the Jacobian of the transformation g s+. Accept the proposed move to
(k*, %7y with probability « = min{1, r,J /rq}.

As quoted by Green (1995), the probability distribution for the moves among models,
the ¢ distributions, the g functions, etc., strongly depend on the data. The idea is to assure
that the defined chain is aperiodic and irreducible.

3. Identifying and Estimating the TAR Model

Following Green’s (1995) example about estimating a step function in a multidimen-
sional change-point problem, our interest is on the posterior distribution of the ran-

dom vector (I, k;, 8;), where [ =2, ..., [y, for some known Iy, k; = (ky, ..., ky), and
0, =, ....00), with6; = @y, a\”, ...,a;]’,}, hD), for j = 1, ..., 1. Note that 8, has a
dimension of ky; 4 - - - 4 ky 4 21; if [ or kj; changes, for some j =1, ..., [, this dimension

changes and, consequently, the dimension of the whole vector (/, k;, #;) changes. This is
our motivation for proposing to use the RIMCMC procedure.

In this article, we consider a modification of the usual RIMCMC sampler, which
consists of a two-step approach. In the first step, we design an RIMCMC sampler for the
whole parameter vector (/, k;, 8;), and in the second step, we fix the estimated value of /, i
say, and reestimate the remaining parameters (k;, 6;) via a simplification of the first sampler,
which coincides with Campbell’s (2004) approach. From this point of view, our approach is
an extension of Campbell’s (2004) procedure. Our two-step approach was motivated by the
fact that there is a double nested dimension movement among models, that is, a move for /
and then, a move for k;, a problem not considered in the current literature to our knowledge.
This double nested movement can cause a low mixing for / and even for k;, as will be seen
in the examples below. Consequently, an important problem for future research would be
to design an RIMCMC sampler for the whole parameter vector, as one would desire at the
first place, that takes into account this complex characteristic.

In the RIMCMC sampler of (/, k;, 6;), initially we consider three types of transitions
in the underlying Markov chain to be developed. They are (1) a change in the number of
regimes / (R), (2) a change in some AR order k;;, j =1, ...,1, (0), and (3) a change in the
total nonstructural parameter vector 6; (V). When transition R or O happens, we also need
to consider intrinsic changes in some of the subvectors of 6.

Following Green’s (1995) article, the changes in the number of regimes are circum-
scribed as birth and death moves. That is, a birth, if the number of regimes moves from /
to / + 1 and a death, if there is a move from / + 1 to /. For these moves, a subprobability
distribution is needed, which is described as follows.

Let by =Pr(Birthy =c¢ min{l, pd + 1)/p()} and d;4; = Pr(Death) =
¢ min/ {1, p(l)/p(l + 1)}, where p(-) denotes a prior distribution for L and c¢ is a
constant such that b, + d; < 0.9 for all [ =2,...,ly. For the boundaries, we put
dr = b, = 0. At the (i — 1)th iteration, the above definitions give probabilities for the
regime move types, conditioned at the number of regimes for that iteration, [~ say,
c is a constant such that ¢ max;{b; + 4/} < 0.9, where b; = min{l, p(I + 1)/p(/)} and
d; = min{1, p(l — 1)/p(D)}. In this way, ¢ < 0.9/max;{b; + d/}. Note that given p(-) and
the heuristic value 0.9, the upper bound above for c is computable.

Because of the birth/death moves described above for the number of regimes, it is
convenient to say that R splits into the moves B (birth) and D (death), that is, R = (B,D),
and thus, the full set of transitions for the TAR modelis {B, D, O, V}. To choose among these
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transitions, we design a probability distribution ¢; = (b;, d;, 0y, v;), where o; = Pr(O|l) and
vy = Pr(V|l), and b; + d; + o; + v; = 1. We can put 0; = v;. In summary, so far, we have
described the move (discrete) set and a probability mass function on it.

Now, we describe the mathematical form of each one of the jump and proposal ratios,
in order to compute the acceptance probabilities. We keep in mind that the chain is going
to move from the (i — 1)th iteration to the ith one. As mentioned previously, a key aspect of
this article is the consideration of intrinsic AR-order moves. To give a general idea of the
proposed algorithm, we assume that move B is chosen. The number of regimes then satisfies
1) = [@=D 4 1. For ease of notation, we shall write [ instead of /), where necessary. To
allow for the updates of an AR order k; and the total nonstructural parameter vector 6,
from 19~Y regimes to /') regimes, we denote the temporal updated value of k; and ; as
k,(l*) and 0;1*), and set kl(l*) = k,(m) and 0;'*) = 0;”’), where m is the latest iteration among all
the previous iterations such that /™ = [®)_If no such m exists, we put the corresponding
priors suggested by Nieto (2005) for each AR order and nonstructural parameter. Next, we
do a death/birth move to update the AR order kﬁ’;) in the regime j, forall j =1, ...,1?.
We denote the intrinsic birth and death probabilities as by and dy, respectively, which are
defined similarly to b; and d;. In the update of AR orders, the probability of a remain move
is 1 — by — dy. Note that these intrinsic probabilities are embedded in each regime. If the
intrinsic move in a regime is a birth, we update the corresponding AR coefficient using
a proposal density q(-|0§'*)) as given by Campbell (2004). For an intrinsic death move,
we simply delete the last AR coefficient and the proposal density of this deletion is 1, as
Campbell (2004) did in his approach. In summary, the product of the jump and the proposal
ratios become the following:

(1) For transition B, the proposal ratio is (b;/d41) x ]_[i:1 rjAR X ]_[i:1 rf, where r]AR,
j =1,...,1,denotes, in turn, a ratio of jump probabilities for doing a move in the

AR order of regime j. That is, if we get a birth, the associated ratio is by /dj+1; if a
death happens, the ratio is dy/by—; and if the move is remain, the ratio is 1. Here,
rf ,j =1,...,1, denotes a ratio of proposal densities and its value is 1/q if there
is a birth in an intrinsic AR-order move and is 1 otherwise.

(2) For transition D, we have a similar product of the jump and the proposal ratios and
the only difference is to replace d;/b;—; with b;/d;; in the above expression.

(3) For transition O, the ratio becomes ]_[3=1 rj*R x ]_[lj=1 r f . Note that this scheme is
contrary to Campbell’s (2004) procedure.

(4) If transition V is chosen, the ratio is trivially 1.

To end the design of our RIMCMC sampler, we need to compute the Jacobian for
transitions B, R, and O. In the first two, the Jacobian is only needed when an intrinsic move
in the AR orders is birth. The same situation happens if the result of O is birth. It is easy to
show that the Jacobian is always 1. In the Appendix, we present the synthesized algorithm
that can be implemented for fitting TAR models.

We remark that in the case of remain moves in the AR orders, we can do Gibbs sampling
to update the nonstructural parameters in the corresponding regime, using Nieto’s (2005,
sec. 3.2) results. Another alternative to this updating of nonstructural parameters might use
a single-site Metropolis—Hastings random walk algorithm, as in Campbell (2004). It is also
important to note here that, although our goal is the whole vector (/, k;, 8;), given [/ in an
iteration, we do intrinsic estimates for the AR orders and the nonstructural parameters, in
a manner similar to the Akaike information criterion (AIC) used for identifying a model.
This fact is our motivation for the proposed two-step approach.
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Once [ is estimated, the first step is done. The second step in our approach focuses
on the estimates of AR orders and nonstructural parameters in all the regimes, and can be
thought as a simplified version of the first step, that is, just containing the transition O and
the transition V. Similarly, the product of the jump ratios and the proposal ratios can be
calculated as 3 for the transition O and 4 for the transition V in the first step. In this way,
our two-step approach extends Campbell’s (2004) algorithm.

We now describe how ¢ is computed. Following Campbell’s (2004, p. 472) article, in
the case of an AR-order birth, from k to k + 1 say, we propose to use a univariate normal
distribution from which the AR coefficient a,(('if | 18 drawn, corresponding to the chosen
regime j in the model with /) regimes. The proposed mean of g is

T T
A 2
A1 = E Xt—k—1€¢ E Xi_k—1>

t=k+2 t=k+2

where ¢, =x,—Zk aPx,_s,t =k+2,...,T,andi = i*forBandDandi =i — 1 for

s=1"s ;
0, V. The proposed variance is € Var(ay41|x, z, I, k;») for some € > 0, where

T T
Var(ay1[x, 2. 19, ko) = Y e}/ |:(T —k=1 ) x}kl},

t=k+2 t=k+2

with x and z denoting the data vectors for variables X and Z, respectively, in the entertained
sample period. That is, we seek to set the proposal variance to be a proportion of the
marginal posterior variance.

It is important to note that the numerator (denominator) in the product likelihood ratio x
prior ratio is given, in general, for a fixed value of /, by

L(yll, k;, 0 (L, ki, 0)) = L(yll, k., )7 (D (k|17 (0411, k)

1 !
= Lyl ky, 0w O [ [kl [ [ @l o),

j=1 j=1

where L(-|---) denotes the likelihood function for the whole parameter vector, which is
based on the sample y = (X, z), w(/) is the unconditional prior for /, and 7 (-|-) denotes
appropriate conditional priors. The priors for the nonstructural parameters are obtained
from Nieto’s (2005) article and the priors for the number of regimes and AR orders are
truncated Poisson distributions (see Sec. 5). It is worth noting that

L(yll,k;, 0)) = L(X|z, 1, k;, 0,))L(z|l, K, 0)),

where, given the data z, L(z|/, k;, ;) is constant for all /, k;, and 6,. This result is due
to the assumption that the process {Z,} is exogenous. In this way, our strict likelihood
function becomes L(x|z, [, k;, 6;), which was named conditional likelihood function by
Nieto (2005).

4. Convergence Diagnostics

Following the unpublished article of Castelloe and Zimmerman (2002) named “Conver-
gence Assessment for Reversible Jump MCMC Samplers” of SAS Institute, Inc., we im-
plement a procedure for checking the convergence of our proposed RIMCMC sampler.
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As the parameter of interest, we choose A = le=1 pj [7)]2, where p; =P(Z; € Bj). The

conditional distribution of X, given x,_j, ..., x; and z, is Gaussian with mean given by
a’ + Y% a¥x,_; and standard deviation A if z, € B;, for some j = 1, ..., . Nieto
(2008) showed that this conditional distribution denoted by f;(x;|x;—1,...,x1,2;) is a

mixture distribution with density function

!
fColxi—1, ..o x) = ijfj(xtlxth ..., X1, 2 € B)). 2

j=1

We remark that one of the two types of conditioning considered above depends on
X1, ..., X1 and z; € B; and, the other one depends on x;_y, ..., x; only. We call regime-
based conditioning as the first one and conditioning as the second one. From expression (2)
and following Nieto’s (2008) TAR model characteristics, the conditional variance of X,
at2|t71 say, is given by

I I l 2
ol = > pilh P+ pid, - [Z p,u,,,} : 3)
j=I j=1 j=1

where 1, = al’ + 3% a¥x,_;. The term >\ pih1? is like a “communality” in the
conditional variances above because it depends neither on #nor on x,_1, . .., x;. Moreover,
this quantity is a weighted average of the regime-based conditional variances of the process
{X;}. Note that {°t2|t71 :t =2,...} defines the conditional variance function of process
{X,}, a key element in the GARCH model family.

We use X as the monitoring parameter and run C > 2 parallel chains of length 27 each
and discard the first T iterations. Let M be the number of distinct models, A.,, be the value
of A for the rth occurrence of model m in chain ¢, and R, be the number of times model
m occurred in chain c¢. According to Castelloe and Zimmerman (2002), the convergence

diagnostic is based on the following estimated variations:

(AL, = 2), “)

. | ———
o=l X

cC M
W) = G SN (= R (5)
c=1 m=1 r=1
Wm()") ()“Zm - Xm) ) (6)
cT M c=1 m=1 r=1
1 C M R _ 5
WaWe®) = G DY (Mo = Fem) s (7)

where
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M Rem
1 .
Ae = T § )‘cm’
m=1 r=1
C  Rem
_ 1 ,
Am = — E )"c‘m’
Ry
c=1 r=1
Rem
N ! AL
cm = cm?
Rem _
r=1

and

These quantities could be defined for any parameter A and interpreted as total vari-
ation (V), variation within chains (W,.), variation within models (W,,), and variation due
to interaction between models and chains (W,, W,). Based on a two-way analysis of vari-

ance (ANOVA) with interactions and unbalanced data, Castelloe and Zimmerman (2002)
EVw ,nq E.cy

) A Ew.ay Ew, w.()’
practice to check any violation of convergence. More precisely, they defined the so-called

potential scale reduction factors (PSRFs) as

which could be used in

concluded some properties for the ratios

PSRF; (1) = V@) (8)
RAERRTATY)
and
PSRF,()) = W) )
2T Wawen

and recommended to use PSRF;(A) and PSRF;(}) in the following way:

(1) For simulating each chain use overdispersed starting values.

(2) Following Brooks and Gelman (1998), choose the base batch size b ~ T /20.

(3) Plot PSRE\ (1) versus ¢ and PSRFY (1) versus g, where the PSRF.”(1), i = 1,2,
is computed using the (gb + 1)th iteration to the 2gbth iteration for batches
qgq=1,...,T/b.

(4) Plot together the numerator and the denominator of PSRF(lq)(O) Versus q.

(5) Plot together the numerator and the denominator of PSRF({])(O) Versus g.

(6) Determine gq such that for g > g, the plots in step 3 have settled close to 1 and
the plots in each of steps 4 and 5 have settled approximately to a common value.

(7) Discard the first ggb sweeps from each chain and then pool the remaining ones
together to use for inference.

5. Simulations and Applications

The RIMCMC sampler in Sec. 3 was designed for obtaining draws of the whole param-
eter vector ([, k;, ;) by a two-step approach. We use two simulations and one empirical
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application to illustrate the adequacy and implementation of our proposed approach. We
took prior distributions of the nonstructural parameters as suggested in Nieto (2005), that
is, the multivariate normal for the AR coefficients vector and inverse Gamma distributions
for the white-noise weights. The likelihood function is also referred to Nieto (2005). In
order to check the convergence of the sampler using the procedure proposed in Sec. 4, we
run three parallel chains. It seems that this number of chains is enough for our simulated
and empirical data.

5.1. Two Simulations

Here we consider two simulated models. The first one is a TAR(2; 1, 1) model given by

X _ _05 + O.6X[71 + 81, Z[ S 0,
"7 109-07X,-1 +2.0¢, Z >0,

where {Z,} is an AR(1) process given by the model Z, = 0.5Z;_; +a;, with {a,} a Gaussian
zero-mean white-noise process with variance o> = 1. The length of the simulated time
series was 200. We fixed the simulated parameters for process {Z,} and used our proposed
two-step procedure to identify and estimate the TAR model, by using the following prior
distributions of the structural parameters: we used a truncated Poisson distribution on the set
{2, 3, 4} with parameter 3 for the number of regimes / and a truncated Poisson distribution
for the AR orders on the set {0, 1, 2, 3} with parameter 1, for any given number of regimes.
We note that the number of observations in the first regime is n; = 102 and in the second,
itis np = 97.

Each chain was run with 16,000 iterations and we took the first 8,000 as the burn-in
period, thus 7 = 8,000. To check convergence, we used the procedure described in Sec.
4 and the results are presented in Figs. 1 and 2. As we can see, the convergence of the
chain is guaranteed. The posterior distribution of the number of regimes is given in Table
1. Clearly, I = 2 regimes is the mode of the distribution.
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Figure 1. Convergence diagnostics for the first example: PSRFs.



Downloaded by [Université de Moncton] at 05:39 16 October 2014

RIMCMC Procedure for TAR Models 823

PSRF1
o
<
S
S |
<
8
p= T T T T
5 10 15 20
Number of batches q
PSRF2
o -
S
g
o _|
< -
[a2]
g
S T T T T

5 10 15 20
Number of batches q

Figure 2. Numerators and denominators of PSRFs in the first example.

Fixing [ = 2, we estimated the remaining parameters using chains with the same length
as before. In Figs. 3 and 4, the chain convergence is guaranteed in the second step of the
approach. In Table 2, we can see that the posterior distribution of the AR orders signals that
k) = k, = 1. To study the sensitivity of the sampler to prior distributions, we used different
priors for the AR orders and looked at the posterior distributions for / and the nonstructural
parameters. We tried the values 3, 4, ..., 14 as the maximum order of these parameters and
several parameter values of a Poisson distribution truncated at a certain maximum value,
for example, 4, 5, 6 as the parameter value of a Poisson distribution truncated at 8. We
found that the method is robust against changes in the prior distribution of the AR orders
since the sampler always identified the correct value of / = 2 and no drastic changes were
detected in the posteriors of the nonstructural parameters. This “sensitivity”check exercise
was also carried out in the other simulation and the two applications.

Table 3 presents the estimated nonstructural parameters, with their corresponding 95%
and 99% credible intervals. All the simulated parameters lie within their credible intervals.
Additionally, we increased the iterations number and the results were practically the same.

In order to check slightly the goodness-of-fit property of the proposed estimation
procedure, we examined the cumulative sum (CUSUM) and cumulative sum of squares

Table 1
Posterior probabilities for / in the first
example
/ Probability
2 0.998
3 0.002
4 0.000




Downloaded by [Université de Moncton] at 05:39 16 October 2014

824 Nieto et al.

PSRF1
o
[sV]
S
o
o
e T T T T
5 10 15 20
Number of batches q
PSRF2
Te)
2]
g
o
o -
N~
5 -
(=) T T T T
5 10 15 20

Number of batches q

Figure 3. PSRFs with fixed [ in the first example.

(CUSUMSAQ) charts of the standardized model residuals, as suggested by Nieto (2005).
These charts are plotted in Fig. 5 with its corresponding 95% confidence bands and, as we
can see there, they signal an adequate fitting of the model.

Next, we simulate a TAR(3;2,1,1) model given by

-05406X,_, —07X, 2 +¢, Z <-1,
X, =10940.2X,_; 4+ 2.0, -1<Z <1,
—1.0-0.7X,_; + 3.0¢, 1 < Z,
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Figure 4. Numerators and denominators with fixed / in the first example.
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Table 2
Posterior probabilities for AR orders in the first example
Regime

AR order 1 2
0 0.00 0.00
1 0.63 0.78
2 0.36 0.20
3 0.01 0.02

where process {Z,;} was simulated as in the first simulation study, with white-noise process
{a,} having variance aa2 = 1. The sample size was 200 and we fix the parameters of process
{Z,} and the thresholds ; = —1.0 and r, = 1.0 at their simulated values, in order to identify
and estimate the TAR model. The whole set of prior distributions and the likelihood function
were similar to those of the first simulation study. The chains convergence in the first stage of
the procedure can be assessed in Figs. 6 and 7. Given convergence, we obtained the posterior
distribution of / in Table 4, which implies that the distribution mode is / = 3. Fixing / = 3,
we obtained the convergence of the chains in the second stage of the approach as seen in
Figs. 8 and 9. The posterior distributions of the AR orders and the nonstructural parameters
are presented in Table 5. The identified AR orders are k; = 2, k, = 1,and k3 = 1, consistent
with the simulated values. The estimated nonstructural parameters are presented in Table 6,
with their 95% and 99% credible intervals and all of the simulated values lie within those
intervals. Figure 10 shows the CUSUM and CUSUMSQ functions and only CUSUMSQ
has a small piece of segment that is slightly outside the 95% confidence band. Overall, we
have a reasonable fitting of the TAR model to the simulated data.

Chib (1995) developed a procedure based on the marginal likelihood approach that
is helpful for solving model choice problems. Consequently, we use his procedure to do

Table 3
Nonstructural parameter estimates’ credible intervals at levels 95% and 99% in the first
example
Regime
Parameter 1 2
' —0.49 0.70
as’ 95% (—0.66, —0.32) 95% (0.63, 0.76)
99% (—0.72, —0.27) 99% (0.61, 0.78)
‘ 0.94 —0.69
aij) 95% (0.52, 1.40) 95% (—0.87, —0.51)
99% (0.37, 1.50) 99% (—0.91, —0.47)
0.80 2.40
hY 95% (0.70, 0.92) 95% (2.11, 2.75)

99% (0.67, 0.97) 99% (2.01, 2.89)
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Figure 5. CUSUM and CUSUMSAQ charts for the first simulated example.

a comparison with our sampler in this simulated example. Since Iy = 4 and kp.x = 3, we
get 336 possible TAR models (!); but thinking in the practice, we only consider six models
for the comparison purpose, being the true model in one of them. We note here that, in
general, the number of possible TAR models is Zl;’):z(kmax +1)/. Foragiven! € {2, 3,4},
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Figure 6. Convergence results for the second example: PSRFs.
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Figure 7. Numerators and denominators of PSRFs in the second example.

our parameter block vector 6 is given by 8 = (vq, ..., v, 01, ...
0; = (a(()]),agj), .. .,a,(ci)

,0)), with v; = [AY]? and
)foreach j = 1,...,[. Note that we have 2/ blocks and that their

full conditional distributions are given by propositions 3.3 and 3.4 in Nieto’s (2005) article.
Chib’s (1995) algorithm for computing an estimate of the marginal likelihood m(y|/)
for a TAR model with / regimes, where y = (X, z), becomes as follows:

1. Selection of 0*.

We use a slight modification of Chib’s suggestions, namely, we take the median
of the Gibbs-sampling drawn samples for the nonstructural parameters af’ ) and v B
i=0,1,...,k;; j=1,...,1. With these sample statistics, we conform 0.

2. Computation of

f(x|z, 0%, 1) and 7 (6*|1).

Table 4
Posterior probabilities for / in the second
model
/ Probability
2 0.01
3 0.97
4 0.02
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Figure 8. PSRFs with fixed / in the second simulated example.

The prior distribution 77 (@|!) is obtained assuming a priori independence among the
blocks of 6, as Nieto (2005) did. That is to say,

1 l
7@ =[]=@n 7.
j=1 j=1

where (6 ;) is the probability density function (pdf) of a multinormal distribution
of order k; + 1 with mean 0 and variance matrix 100/, with I the identity matrix
of order k; + 1, and 7 (v;) is the pdf of an inverse Gamma distribution with shape
parameter g = 1.5 and scale parameter By = 0.562, for all j = 1, ..., 1, with &2
the residual variance after fitting a linear AR model to the time series {x,}.

We can note that, with § = 0™,

1 1
Inzr(0*|1) = ) Inm(6%) + > Inm(v}),

j=1 j=1
Table 5
Posterior probabilities for the AR orders in the second example
Regime
AR order 1 2 3
0 0 0.24 0.43
1 0 0.73 0.44
2 0.98 0.03 0.11
3 0.02 0.00 0.02
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Table 6
Nonstructural parameter estimates with credible intervals at 95% and 99% levels in the
second example

Regime

Parameter 1 2 3
ay’ —0.80 1.20 —0.58
95% (—1.08, —0.57) (0.83, 1.56) (—1.77,0.64)
99% (—1.12, —=0.37) (0.72, 1.67) (=2.11, 1.11)
a\l 0.74 0.20 -0.35
95% (0.57,0.88) (0.06, 0.34) (—0.86,0.12)
99% (0.56, 0.98) (0.01, 0.39) (—1.12,0.29)
al —0.78
95% (—0.91, —0.64)
99% (—0.94, —0.61)
h) 0.83 2.03 3.82
95% (0.67, 1.04) (1.82,2.27) (2.84,5.31)
99% (0.64, 1.12) (177, 2.38) (2.57,6.11)

where, foreach j =1,...,1,

In 7 (8%) = —0.5[(k; + 1) In 27) + (k; + 1) In 100 + 0.01(8%)'0*]

and
In 7 (v}) = &g In By — In T'(arg) — (g + 1) In v} — Bo(v))~",

with I" denoting the Gamma function.
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Figure 9. Numerators and denominators of PSRFs in the second example with fixed /.
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Figure 10. CUSUM and CUSUMSAQ charts for the second example.

The log-likelihood is given by

T T
In f(x|z,0%,1) = —0.5 |:(T —k)In 27) + Z In v; + Z (e:‘)z] ,

t=k+1 t=k+1

[see Nieto’s (2005) article] where e} = [x; — (j’)* Zf”l al(j’)*x, ,]/(v )1/2, Jjr =
jefl,... l}ifz isinregimej, and T is the sample size. In what follows we omit
writing / in the set of conditioning values of each density under consideration.

. Computation of #t(vily) and A (v} |vi(s <r),y),r =2,...,1L

When r = 1, we need to simulate from the full conditional distribution 7 (v, |v(s =

., D,0,(s =1,...,1)). However, this distribution is an inverse Gamma with
shape parameter that depends on the number of x observations in the first regime,
ny say, and scale parameter that depends on #; and the x observations in this regime
(see Nieto, 2005). It is worth noting that for all j =1,...,/, n; depends on k,
the maximum of the / AR orders. For example, for the true model TAR(3;2,1,1),
ny = 40, n, = 124, and n3 = 34 (effective sample size is 198). Thus, we only need
draws from the full distribution of #, and they are taken up from the first G iterates
of the Gibbs sampler. Hence, we get

V1 |y Z v1|n1,0()

Q

For r =2,...,1, we use arguments similar to those given above for obtaining
7 (vily) and, then, we get

G
( \v (s <r), y ! Zn v |n,,0(‘)
i=1
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where the draws 05"), i=1,...,G,also come from the first G iterates of the Gibbs

sampler and n, denotes the number of observations in the 7th regime. For the true

model, we have that n, = 124 and n3 = 34. Of course, the reduced conditional

distribution 7 (v, [vi(s < r),0,(s =1,...,1),y) is an inverse Gamma with shape

and scale parameters that depend on n,., 8, and the x observations in the rth regime.
4. Computation of RO |vi(s =1,...,0),0%(s <r),y)forr=1,...,1

Following Nieto (2005), we can show that for all» = 1, ..., [, the reduced conditional
density function 7(0,|[vi(s =1,...,1),05(s <r),0,(s > r),y) is that of a multinormal
distribution of order k. + 1, with mean and variance matrix that depend on v’ and the x
observations in the regime r. In this way, the value of this density at 7 is known exactly
and, consequently, #(07|vi(s = 1,...,0),0%(s <r),y) = w0} |vi,y).

Finally,

2
In(y|l) =In f(x|z, 1, 0%) +In 7 (0*|]) — Zln 7 (607105 <i—1),y),

i=l1

where v} is the ith block of 0, i=1,...,1. We then search for the model (number
of regimes, AR orders, and nonstructural parameter estimates) for which its marginal
likelihood is the maximum among the set of all possible models.

The six models are the following:

Model 1 (M1): the true model TAR(3;2,1,1),

Model 2 (M2): TAR(3;3,3,3) with the same thresholds as M1,

Model 3 (M3): TAR(3;0,1,0) with the same thresholds as M1,

Model 4 (M4): TAR(2;1,1) with threshold r; = —1.0,

Model 5 (M5): TAR(2;3,2) with threshold r; = —1.0,

Model 6 (M6): TAR(4;2,2,2,2) with thresholds ry = —1.0,, = 1.0, and r3 = 1.8.

The results are presented in Table 7 and we can see that the marginal likelihood for the
true model is the maximum. Nevertheless, it is worth noting that once the values of / and k;
are fixed, as happens in models M1-M6 above, the RIMCMC sampler is very complex to
implement because of the design of (1) the mass probability function for the moves among
models and (2) the densities g for completing dimensions, when this situation is necessary.
In view of this fact, we do not use our proposed RIMCMC sampler for choosing a TAR

model in the set {M1, ..., M6} and, in doing so, for comparing with the results in Table 7.
Table 7
Log of marginal likelihoods for the chosen
TAR models
Model log(marginal)
M1 —434.14
M2 —447.64
M3 —465.75
M4 —477.42
M5 —455.24

M6 —448.64
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For future research, however, it would be interesting to explore a two-step strategy based
on the two approaches, for identifying and estimating a TAR model. In the first stage, we
might use our RIMCMC sampler to find appropriate values for the structural parameters,
and in the second, we could use the marginal likelihood approach to choose among the
relatively few proposed models. Recall that in this example we have 336 candidate TAR
models.

5.2. An Application in the Hydrology/Meteorology Field

Nieto (2005) presented a real-data application for illustrating his methodology. The time
series considered were the daily rainfall (in mm), as the threshold variable, and a daily river
flow (in m3/s), as the response variable, in a certain Colombian geographical region. The
rainfall was measured at the San Rafael Lagoon’s meteorological station, with an altitude
of 3,420 m and geographical coordinates 2.23 north (latitude) and 76.23 west (longitude).
The flow corresponds to the Bedon river, a small one in hydrological terms, and was
measured at the San Rafael Lagoon’s hydrological station, with an altitude of 3,300 m
and coordinates 2.19 north and 76.15 west. These stations are located close to the earth’s
equator and in a very dry geographical zone. This last characteristic permits to control for
hydrological/meteorological factors, which may distort the kind of dynamical relationship
explained by the TAR model. The dataset corresponds to the sample period from January 1,
1992, up to November 30,2000 (3,256 data), and it was assembled by IDEAM, the official
Colombian agency for hydrological and meteorological studies.

The two time series have missing data but, in this article, we interpolate the time series
using Nieto’s (2005) procedure. Nieto (2005) did a double transformation of the river flow
data with the square root function and an adjustment for conditional heteroscedasticity via
an ARCH(1) model. In this section, {X,} always denotes the transformed river flow process
and {Z,} the precipitation process lagged one day (because of measurement conventions
for this variable). Figure 11 shows the dynamical relationship between the two time series:
the more the precipitation is, the more the (transformed) river flow is. Additionally, one
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Figure 11. (a) Precipitation. (b) Flow.
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Figure 12. PSRFs for the hydrological/meteorological example.

can see certain stable path in both variables, although there are bursts of large values in the
river flow. This fact is a major characteristic of data that are generated by a TAR model.
To implement our two-step approach, we empirically obtained the thresholds values.
Following Tong (1990), these values were computed via the minimum normalized AIC
(NAIC) criterion in the following way: we fixed a value for / and then we chose the
thresholds values for which the NAIC is minimum among the empirical quantiles of the
rainfall variable. For these data, the potential thresholds are 6.0 mm for / = 2, 6.0 mm and
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Figure 13. Numerators and denominators of PSRFs for the river flow/rainfall example.
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Table 8
Posterior probabilities for the number of
regimes in the precipitation/flow example

) Probability
2 0.00
3 0.32
4 0.68

10.3 mm for / = 3, and 6.0 mm, 10.3 mm, and 17.18 mm for / = 4. It is important to note
that to fit a Markov chain model to process {Z;} is not necessary because we do not estimate
missing data or forecast the involved stochastic processes.

As to prior distributions of the structural parameters, we use a truncated Poisson
distribution with parameter 3 on the set {2, 3, 4} (here [y = 4) for the number of regimes
and truncated Poisson distributions with parameter 2 on the set {0, 1, 2, 3} (kyax = 3) for
the AR orders. In Figs. 12 and 13, we present the convergence diagnostics for the first stage
of the procedure and see that convergence is clearly guaranteed. In Table 8, we present the
posterior distribution for the number of regimes that was obtained in this first phase of the
procedure and find / = 4, contrary to Nieto’s (2005) result that was [ = 2. This finding is
in accordance with the known fact that in that Colombian geographical zone, there are two
periods of rains and two periods of dry meteorological conditions, which alternate trough
the whole year in this way: first dry season from middle December to middle March, first
rain season from middle March to middle July, second dry period from middle July to
middle September, and second rain season from middle September to middle December.

We set € = 10, a large quantity, when it is compared with the simulated examples
and, consequently, contrary to the suggestion in Campbell (2004). This fact signals some
dependence degree of this parameter on the data. In Figs. 14 and 15, we also see that in the
second step of our approach, the convergence of the chains is obtained. Table 9 displays
the posterior distributions for the AR orders and Table 10 shows the estimates for the
nonstructural parameters. To do a raw checking on the model specification, we plot the
CUSUM and CUSUMSAQ charts in Fig. 16, which implies an adequate fitting of the model.

Table 9
Posterior probabilities for the AR orders in the hydrological/meteorological example
Regime

AR order 1 2 3 4
0 0 0 0 0
1 0 0 0 0.05
2 0 0.46 0.77 0.63
3 0.81 0.45 0.19 0.28
4 0.19 0.09 0.04 0.04
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Figure 14. PSRFs for the hydrological/meteorological example with fixed L.

The fitted model is given by

1.3540.74X,_1 — 0.27X,_»
+0.12X,_5 + 1.30¢;, Z, <6.0,
1.96 +0.75X,_; — 0.30X;_,
X - +1.66¢;, 6.0 < Z, <10.3,
"7 1211 4+0.80X,_; —0.28X,_»
+2.15¢;, 103 < Z, < 17.18,
2.96 +0.62X, 1 — 035X, »
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Figure 15. Numerators and denominators of PSRFs for the river flow/rainfall example with fixed L.
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Table 10
Nonstructural parameter estimates: 95% credible intervals for the hydrological/
meteorological time series

Regime
Parameter 1 2 3 4
1.35 1.96 2.11 2.96
ay’ (1.2, 1.5) (1.6,2.3) (1.6,2.5) (2.0,3.7)
0.74 0.75 0.80 0.62
a\ (0.7, 0.8) 0.7, 0.8) (0.7, 0.9) (0.5,0.8)
—0.27 —0.3 —0.28 —0.35
ay’ (—0.3, —0.2) (—0.4, —0.2) (—0.4, —0.2) (—0.6, —0.2)
0.12
ay’ (0.1,0.2)
1.30 1.66 2.15 3.18
B (1.2,1.3) (1.6, 1.7) (2.0,2.3) (3.0,3.4)

It is interesting to note that (1) the river flow has an AR dynamic of lag 2, except in
the first regime where it is of lag 3 and (2) the numeric signs of the coefficients of the same
lag are the same and their absolute values are close in these regimes. This fact suggests
that the AR dynamics of the river flow is almost the same through the different regimes
for the precipitation. This empirical characteristic was also detected by Nieto’s (2005)
TAR(2;1,1) model. As a first impression, one might say that the influence of the regimes
on the actual value of the river flow is through the model intercepts and the regime-based
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Figure 16. CUSUM and CUSUMSAQ charts for the hydrological/meteorological example.
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variability. However, model interpretations other than this impression are provided in the
next paragraph.

According to TAR model characteristics (Nieto, 2008), we can derive the following
important facts. First, with the distribution of X, the contribution of each regime to the
mean of X at time #, computed as ;1 = ay’/¢;(1) with j =1,2,3, 4, is 3.30, 3.56,
4.40, and 4.05 for the first, second, third, and fourth regimes, respectively. In general,
$;(B) = 1—a§’)B—- . -—a,(f)ka, j =1,..., 1. Note that these contributions do not depend
on f and that these figures are almost in agreement with the fact that the more the precipitation
is, the more the river flow is (except in the fourth regime). This last observation holds for
the regime-conditional variability of the river flow, which is reported as 1.30%, 1.662, 2.152,
and 3.182. Note that the AR polynomials in each regime have their roots outside the unit
circle. Second, we found that E(X;|x;_1, ..., x;) = 1.714+0.75x; 1 —0.29x;,_» +0.07x,_3,
where p; = 0.61, p, = 0.20, p3 = 0.12, and p4 = 0.08, for

E(Xt|xt717 L 3xl)

4 4 4
. . ) .
= E Pja(()j) + § Pjaij)xt—l + E Pjaéj)xz—z + Plaé )xz—S-
j=1 j=1 j=1

The values of py, p», p3, and p4 indicate that it is more possible to have low-intensity
rainfall than either medium- or high-intensity rainfall, a result that agrees strongly with the
fact that the Colombian geographical region for which the analysis is performed is very dry
in the whole solar year. Third, the marginal mean of the river flow is 3.58 for any day ¢,
indicating that the mean function of the stochastic process {X,} is constant in the analyzed
sample period—an empirical characteristic observed in the data.

Another real-data application was carried out using US quarterly macroeconomic data
in the sample period 1970:01-2004:02. These time series correspond to the seasonally
adjusted gross domestic product (GDP) growth rate (the output variable) and the spread
between 3-year constant maturity yield (R;) and 3-month treasury bill discount yield (R5)
(the input variable). The results can be obtained from the authors upon request.

6. Conclusions

An RIMCMC sampler has been developed for identifying and estimating a TAR model
(except the thresholds), which constitutes an alternative to the Gibbs-sampling-based ap-
proach that uses link priors. Basically, the new approach consists of two steps. In the first
step, the number of regimes is identified using samplers that take into account the varying
dimension of the whole parameter space, when the chains move from one state to another.
In the second, the identified number of regimes is fixed and, conditional on it, the remaining
model parameters are estimated, including the AR orders.

The proposed approach improves the three-step Gibbs sampling (Nieto, 2005), in the
sense of (1) only two steps involved, (2) quickly obtaining the convergence condition or,
equivalently, the stationary distribution of the underlying Markov chain, and (3) better
numerical behavior of the likelihood function, avoiding that, approximately, posterior dis-
tributions equal prior distributions. The second property is monitored via a convergence
diagnostic that is based on two one-way ANOVAs and a two-way ANOVA with interac-
tion and unbalanced data. Also, in the second step, we have proposed a modification to
Campbell’s (2004) approach, in the sense that we update the nonstructural parameters in
all the regimes without randomly choosing a regime to do the updating.
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Nevertheless, we observed in several simulated examples and two empirical examples
that the posterior distribution of the number of regimes and some AR orders tends to be very
concentrated on one or two values. We feel that this low mixing is due to the fact that the
varying dimension of the whole parameter space involves a nested movement, that is, first,
the underlying chain moves to change the number of regimes and then, it moves intrinsically
to change the AR order in each regime. This nested movement causes the complexity for
designing a global RIMCMC sampler. Additional research must be conducted to study this
low mixing problem in the current two-step approach. However, the results obtained in the
simulated examples and the real-data applications provide coherent interpretations of the
fitted models and, thus, this proposed two-step RIMCMC sampler is adequate for analyzing
a TAR model.

A small exercise that uses the marginal likelihood approach of Chib (1995) was
conducted, in order to check the performance of this procedure in choosing a TAR model.
We used the second simulated example and six competing models (among a large number
of possible models) and the results were satisfactory. We feel that some research can be
done in the future, in order to combine these two approaches for identifying and estimating
TAR models. Specifically, our RIMCMC sampler could be used as a first step to propose a
relatively few number of appropriate models.

Appendix

We present here the summarized algorithm that was obtained for implementing our RJM-
CMC sampler in the fitting of TAR models. We recall that this is a Metropolis—Hastings
algorithm and, from this perspective, we organize sequentially their steps. Our parameter
vector of interest is A = (I, k;, 6;).

Stage 1. The global procedure to identify the number of regimes 1.

Step 1. Obtain an initial value for A, A say. To do this, we can obtain a draw for [ from a
truncated Poisson distribution on the set {2, . . ., [y} and set each component of k; equal
to kmax, Where [y and kp,x are appropriate upper bounds for the number of regimes and
the AR orders, respectively. Given the initial values for / and k;, we can use the prior
distributions for the subvectors of #; given by Nieto (2005).

Step 2. Foreachi =1, ...,n:

(1) Draw A from a proposal distribution. To do this:

(a) Use the probability mass function defined on the set {B, D, O, V} to draw a
move for [. These probability values constitute the jump probabilities j(-|-),
which in our case do not depend on the current state of the chain.

(b) If the draw is B set [V = [U=D 4 1. Ifitis D, put [ = [¢=D — [ If it is either
O or V set ) = [0=D_If the move is V go to (d).

(c) Do intrinsic moves for the AR orders in each regime, using the proposed
probability mass function on the set { B, Dy, Ry}, where Ry stands for remain.
If the move at regime j is By, j =1,...,1, put k;’,) = k;’,n) + 1, where the
superscript (m) was defined on page 8, and consider the proposal distribution
g given on page 10 to complete the dimension of the AR coefficient vector at the
mih iteration. This is needed to compute o below. If it is Dy, set k') = k%" — 1
without doing dimension completion. If the drawn move for an AR order is
Ry, put kj-’,) = k;’}”.

(d) Update the nonstructural parameters in each regime using their posterior dis-
tributions given by Nieto (2005) and let 0;’) be the updated parameter vector.
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(2) Compute the acceptance probability « according to the expressions given on page 9.
(3) Draw u from the uniform distribution with parameters 0 and 1. If u < o, accept
the whole move, that is, set A® = (©, k?'), 0;')). Ifu > a,set AO = ACD),

(4) Go to (1) until convergence.

Stage 2. Identifying AR orders and estimating nonstructural parameters.

Once the chains in Stage 1 have converged, we take as the identified value for / the
mode of its marginal posterior distribution. We fix this value and concentrate our attention
on the reduced parameter vector A, = (K, #). For notational convenience, we suppress the
subscript /. Now, the Metropolis—Hastings algorithm is the following.

Step 1. Obtain an initial value for A,, A say. To do this, we set each component of k
equal to kmax, Where knax is the upper bound that was defined in Step 1 of Stage 1.
Given the initial values for the components of k, we can use as prior distributions for
the subvectors of @ those proposed by Nieto (2005).

Step 2. Foreachi = 1,

(1) Draw A, from a proposal distribution. To do this:

(a) Do a move for each AR order using the probability mass function defined in
Stage 1. These function values are the new jump probabilities. If the AR-order
move at regime jis By, j = 1,...,[, put k(’) k(' Y 4 1 and consider the
proposal distribution g given on page 10 to complete the dimension of the AR
coefficient vector at the (i — 1)th iteration. This is needed to compute « below.
If it is Dy, set k(i) = k(';l) 1 without doing dimension completion. If the
drawn move for an AR order is Ry, put k(') = k(l

(b) Update the nonstructural parameters in each reglme using their posterior dis-
tributions given by Nieto (2005) and let ) be this updated parameter vector.

(2) Compute the acceptance probability « as it was indicated on page 9.

(3) Draw u from the uniform distribution with parameters 0 and 1. If # < «, accept
the whole move, that is, set A" = (k©, 0. If u > o, set A = AUV,

(4) Go to (1) until convergence.
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